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THE THEORY OF PROBABILITY FROM THE POINT 
OF VIEW OF ADMISSIBLE NUMBERS 


By Artuur H. Coprranp 


I. INTRODUCTION 

The definition of the word probability has never been agreed 
upon. Before we decide on a definition, let us first consider what 
use we hope to make of the theory of probability. It is reasonable 
to demand of this theory that we shall be able to apply it, and that, 
by means of it, we shall he able to make predictions. 

If we say that the probability is .9 that a given event will oc- 
cur under certain circumstances, then are we making some pre- 
diction about the success (i.e. occurrence) of the event? Let us 
suppose that the circumstances are presented. We may observe 
that the event succeeds or we may observe that it fails. Which- 
ever the case may be, the result of the experiment cannot he inter- 
preted in terms of the number, .9. This is always the case. We 
can never interpret the result of a single trial of an event in terms 
of the probability of that event. 

Next let us assume that 77 trials are made of an event whose 
probability is .9, and that, as a result of this experiment, 7 suc- 
cesses and 7-7 failures are obtained. If 7 is large, we should 
expect the ratio, -/77,to he approximately .9, that is, approximate- 
ly nine-tenths of the trials tobe successful. We shall call the num- 
her, 7/7, the success ratio. 

We have not even now obtained a satisfactory interpretation 
for the number, .9. We have not specified any limit to the dis- 
crepancy between the numbers, r/7 and .9, and we have not 
specified the magnitude of 7. Thus, if -/77 differs from 9 hy a 
small amount, it also differs from .899 by a small amount. Are we 
to be satisfied with the statement that the event in question has a 
multiplicity of probabilities including the numbers, .9 and .899? 

We can make the above statement more exact as follows: 
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Given any positive number, €, we can find a number, 77, such that 
the discrepancy between 7/7 and .9 is less than €. After the 
number, € , has been chosen, it is at least conceivable that a suffi- 
cient number of trials can be made so that 7/7 will differ from .9 
by less than€. If we make this interpretation of the probability, 
9, and if we wish to make the statement that .9 is the probability 
of the event, then we are assuming that .S is the only number that 
has this property. We are therefore assuming that the ratio, 7/77, 
approaches .9 as 77 becomes infinite. 

So far as I know. no one has ever given an alternative concept 
of probability which is capable of being interpreted in terms of the 
result either of a single trial or of a sequence of trials. Unless 
and until such a concept is given, we are compelled to assume that 
probability is the limit of the success ratio, if we wish to include 
an emperical interpretation. Since this paper is being presented 
to a group of statisticians, | think it will be safe to assume that 
we are agreed that probability is concerned with the results of trials 
of events. 

It may he that we arrived at the probability, .9, by means of 
the following reasoning. There are 9 possible ways in which the 
event can succeed and { in which it can fail. All 10 possibilities 
are equally likely and mutually exclusive. 

When we make a trial of the event, one and only one of the 
possibilities succeeds. The words, equally likely, have no inter- 
pretation in terms of the result of a single trial. The reader will 
have little difficulty in continuing the analysis of these words in a 

“manner similar to that of the concept of probability. In fact the 
concept, being equally likely, is identical with the concept, having 
the same probability. We shall, therefore, reject the concept of 

equal likelihood as a basis for a definition of probability. 

There is one other objection to this method of finding the 
probability of an event. Namely, there is good reason to believe 
that it never gives the correct result. In making this statement we 
are assuming, of course, that probability is defined as the limit of 
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the success ratio. In order that the 10 possibilities may be equally 
likely. it is necessary that there be perfect symmetry between these 
possibilities. We cannot, therefore, have any mark to distinguish 
the one unfavorable possibility from the other nine favorable 
possibilities. Experiment indicates that such distinguishing marks 
are sufficient to make noticeable differences in the probabilities. 
For example, the dots on the faces of a die cause differences in the 
frequencies with which the respective faces turn up. 

In spite of these objections, the above method of finding the 
probability of an event, gives very good approximations in most of 
the cases where it is applied. There is no method which gives exact 
values for probabilities. It seems wise not to reject this method, 
but rather to discard any illusions which we may have concerning 
the exactness of its results. 

We have seen that we must assume the probability of an event 
to be the limit of the success ratio. if we are agreed that probability 
is concerned with the results of trials. Let us express this assump- 
tion in terms of the Cauchy criterion for the existence of a limit. 

Given a positive number.€, there exists a number, /V , such 
that | r/47~7r//n‘l<E whenever 7» 2Nand 7'2/NV, where r is 
the number of successes in 7 trials and 7’ is the number of suc- 
cesses in 77’ trials. Physical experiment seems to indicate that 
this condition is satisfied. Furthermore, if we reject this assump- 
tion we deny the possibility of experimental verification of prob- 
abilities. On the other hand, it can be proved that the number, 
AV. can never be known. ‘This situation is unsatisfactory for a 
mathematical theory. 

‘fo avoid this difficulty we shall construct an imaginary 
idealized universe in much the same manner as is done in the case 
of geometry. This universe will contain sequences of successes 
and failures which are formed in accordance with mathematical 
laws. These sequences will satisfy the fundamental assumptions 
of probability and hence will be infinite. We make the assump- 


tion that the physical universe is an approximation to this idealized 
universe. 
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II. THE ALGEBRA OF EVENTS 

We shall show how the elements of the theory of probability 
can be treated from the point of view which we have described. 
Consider first the following physical example. A coin is flipped 
ten times and the event in question is the occurrence of a head. 
The following is a record of the successes and failures, 

1,1,0,1,00A01400 
where the 1's stand for successes and the 0’s for failures. The 
ratio, 4/0 , of the number of successes to the number of trials, 
is obtained by adding all of the ten numbers and dividing by ten. 
If we had made a much larger number of trials of the event, we 
should expect that the corresponding success ratio would have 
been much closer to the probability, one-half. 

The above sequence of fs and Qs can be interpreted as a 
number written in the binary scale. Tet us write 

. 110, 100,010,0 

This number has the value, /2 +1/4 +O/8 +L/16 + /32-Gf64 hes 
11/256 +O/912 +O//02A4 =Z0W256 . We should not, however, 
think of this number as ending with the tenth digit. In fact we 
could compute as many more of the digits as we desired by con- 
tinuing the experiment. ‘The computation of the values of these 
numbers will not be important for our purposes. The above com- 
putation was inserted merely to aid in the understanding of the 
notation which we shall describe. 

We shall now consider the construction of our idealized uni- 
verse. The sequence of successes and failures of a given imaginary 
event can be represented by a number, x =.x7x 7% OP, .. gi. - 
written in the binary scale, the kth digit, x” of x being 2 or 0 
according as the event succeeds or fails on the ktAtrial. We shall 


denote the success ratio for the first 77 trials of this event by o,(). 
Then 


7? 
(1) Py C= 2a s”"Tn 
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We shall denote the probability of the event, ~ , by A(z) and we 
shall define 2%) by means of the equation 


(2) PE) = LE Py Ce). 


We are, of course, assuming that this limit exists. 

Most of the important questions in the theory of probability 
involve relations between different events. We shall therefore 
construct an algebra which is especially adapted to the discussion 
of related events. If w= .x7x and y=. yYM~y™... are any 
two events, then the event, x and y , will be denoted by v-y . 
We have the equation, 


(3) wiy= (x Oy o) (x.y) Cx om, -) ; 


The first digit of x-y is if and only if the first digits of x and 
y are both 7. That is, the event, x-y,.succeeds on the first 
trial if and only if x and y both- succeed on the first trial. 
Similarly for the second and third trials etc. The expressions in- 
side the parentheses are understood to be ordinary algebraic prod- 
ucts. ‘The expression, x-y , is a symbolic product. 

The event, x or y or both, is denoted by xvy. We have 
the equation 


(4) avys(xay” Eg tty cy My te@y™) Sere 


It will be observed that the first digit, (2#ry@2x“7%y of zvy 

is] if xVsy%1 or if x71, y2Oor if x20 y%-J, but that 
this digit isOif x~-y?O. Thus the event, xvy, succeeds on the 
first trial if x succeeds on its first trial or y succeeds on its first 


trial or both x and y _ succeed on their first trials. Similarly 
for the second and third trials etc. 
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We shall use the symbol, vx , to denote the event, not x , 
It is easily seen that ~v x is given by the equation, 


(S) mx 2. (1-x7) (l- x) (1-2), 


Let us denote the event, y if x , by ycx .* Before attempt- 
ing to give a formula for yc x let us first consider the expres- 
sion, 77°9,,(#). This expression is equal to the number of successes 
of the event. x , in its first 777 trials. Thus if »77,, is the number 
of the trial on which the nth success of x% occurs, then 


(6) 77 Pr (7) = 77. 
We can write 
(7) yor =. yy O72) y CMs)... 


‘hus we consider those trials of y for which the event, x , oc- 
curs. In other words we consider a given trial of y if (and only 
if) x occurs on that trial. Hence equation (7) gives us the cor- 
rect expression for the event, y if x. 


[*The operators,‘ , “ and ~ are also used in symbolic logic with similar 
interpretations. See Whitehead and Russell, Principia Mathematica, vol. 1. 
The symbol, ¢ , is an inverted implication sign. The expression, y ¢ x, could 
he read, y is implied by x , or, y if x . For the benefit of those who are 
familiar with Principia Mathematica, it may be added that the symbols, x, 
y , etc. are propositional functions rather than propositions. Each x is as- 
sociated with a sequence of events, and each is a propositional function of the 
form, the &¢/A event will succeed, k being a free variable. The probabil- 
ity is a property of the set of propositions rather than of any given proposi- 
tion. Thus we should speak of the probability of a propositional function 
rather than of the probability of a proposition.] 
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PROBLEMS 


In problems, 1 to 3, assume that x and y have the following 
values 
x«.110,100 O10 O11 JOL OOO10:-- 
y=.110 111,011, OOO1000I011:: - 
1. Compute Ps (2) and Pap) 
_ 2. Compute the first 20 digits of (a)x-y, (b) xvy, (e)wex , 
(d)ynx. 
3. Compute as many digits as possible of ycx andxcy. 
4, Prove the following identities : 


(a) *y=y x (g) wax-=x 
(b) x~ly Z)=(x'y)'2 (h) N(x.yJemxvauy 
(c) ¥vy=yvx (i) PUXVY)= wey 


(d) xviyvz)=(evy)vz (j) xvvvx-l 
(ce) w-(yvz)=(e-y)v(~%-z) (k) (x-y)v(% my)=x 
(f) xvly-z) =levy) (xvz) 

5. Prove that Pp (%¥Y) = Py, (4) + Dy (VY) ~ Py (8°) 

6. Prove that p(z vy)= 0/2) + Ofy) -p(x:y) 


J 


Prove that p(wvx)= 1-p(x) 


% 


Prove that of y:wx])= Ply)- pfx: y) 


o 


Prove that if x ~w(yvzyw)=U then ~=(4-y)vGe-z)v(% ww) 















THEORY OF PROBARILITY 





It. THE COMPUTATION OF PROBABILITIES 








We shall say that two events, x and y , are mutually ex- 
clusive provided x fails whenever y occurs and y fails when- 
ever x occurs. It is easily seen that x and y are mutually 
exclusive if and only if x-y-0. It follows from problem (6) 
that 


(8) plxrvy) = pli)d+ply) it xy-=O. 
















If we have three events. x , y , and z , which are mutually ex- 
clusive. then x ysy-z=z:x=O  . Hence 


pl(xvy~2)= p(xvy)+ p(z)= plx)+ p(y) + p(2z). 


We have the following theorem. 
Theorem 1. If the events, X,, %, %, ...%, , are mutually 
exclusive then 


D(%,vx,%+ Vx) = P(4,)+ ple,)+ Plt,)+--- + P(x). 


Suppose we have a set of events, x, , x, --- x,, , such that 
at least one of the events must occur. Then x,vz,-z,°---vxz,=- 1, 


Suppose further that these events are mutually exclusive and that 
their probabilities are equal. Then p/z,)+p/(x,)+---+ p/z,) = 1 
and therefore p(x,J=p/z,)=---= p(%,,) =1/nm. This principle is 
very useful in the computation of probabilities. 

Example 1. From a pack of 52 cards 1 card is drawn. What 
is the probability that this card is the ace of spades? It is reason- 
able to assume that the probability of drawing any one of the 52 
cards, is the same as that of drawing any other card. Thus we 
have 52 events which have the same probabilities. Moreover these 
events are mutually exclusive and it is a certainty that at least 
one of the events will occur. Hence the desired probability is 2 
Example 2. From a pack of 52 cards, 13 cards are drawn. What 
is the prohability that these cards are all spades? We assume that 
any combination of 13 cards has the same probability as any other 
combination of 13 cards. Since there are _~C . such combina- 


/ 


tions, the probability is 1/,,6, = 1/633 O/3, 979,600. 


We shall now compute the probability of the event. yc x 










ARTHUR H. COPELAND 


We have the equations, 
. Wn ky k 
rym 2 ey 
(9) VD, ly Cx) = EL = = = 
” aS Py, 


Pm, (%:y) 


where 177,,: Dy, (a) = *, ; 
If we allow 77 to become infinite we get 


(10) P(YCxX)= ple y)/p(x). 
Multiplying both sides of equation (10) by (2) we get 
(11) ptt) ply Cx)= ply-x). 
example 3. A pack of 52 cards is divided into 4 piles of 13 
cards cach. One pile contains just 1 heart and the other 3 piles 
contain + hearts each. A pile is selected at random and a card 
is drawn from this pile. What is the probability that the pile 
selected will be the one containing just the one heart and that the 
card selected from this pile will he the heart? Let y represent 
the drawing of a heart and xX represent the drawing of the pile 
containing just one heart. Then o(xv)=1//4 and Ofycx):I/i3. 
Hence fy: x)= p(x) pfycx%):2 This is the desired probability. 
We shall say that an event, y , is independent on an event, 
x . provided the probability that y will occur is the same 
whether x occurs or not. If we express this condition for inde- 
pendence in terms of our symbols we will get 


(12) Plycx)=plycux). 
Hence 


Diy:x) _ ply:wx) _ Ply)-Ply-x) 
(13) De ~~ piwx) «dL - px) 
Therefore 
(14) Plt y)= p(x) ply) 

It is a simple matter to reverse our steps and start with equa- 
tion (14) and obtain equation (12). Moreover, from the sym- 
metry of equation (14) it is easily seen that if y is independent 
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of x then x is independent of y . We have now proved the 
following theorem. 
Theorem 2. A_ necessary and sufficient condition that two 
events. X and y , be independent, is that o/x-y)=() Ay). 
Fxample 4. A coin and a die are thrown together. What is the 
probability that the coin will turn up a head and the die will turn 
upa3? let x represent the occurrence of a head and y repre- 
sent the occurrence of a 3. Then pele and p(y) <1/6. Since 
the events are independent it follows that p(x: y)=///Z 

It should he observed that equation (11) is always true but 
that equation (14) can only be used when the two events are in- 
dependent. ‘The term, contingent. is used to apply to events which 
are not independent. If x% and y are two contingent events 
we must use equation (11) to compute pay). 

In order that three events, x . y . Z . may be independent, 
it is necessary and sufficient that p(x2-y)= pf) p(y) 

D(y'Z)=—PO&)P(2), Ol2:%)= P(2)p(X), P(t yz) 

= D(xt)polyz)= ply) P(z %)= P(z)plx-y). 


This definition is easily generalized to the case of 77 events. 

It is generally assumed that the trials of an event are inde- 
pendent. What does this assumption mean? Suppose, for ex- 
ample. that we wish to say that the first trial of an event is inde- 
pendent of the second. The first trial constitutes an event. X, , 
and the second trial constitutes an event, 22. but we have only 
defined one trial of x, and one trial of x2. Independence is 
defined in terms of probabilities, and probabilities can be given 
meaning only in terms of sequences of trials. 

We can get around the difficulty in the following manner. 
Suppose we wish to consider the independence of 77 trials of an 
event. x . We willconsider 77 events, %,,%,. %, - .%,, - The 
first trial of x, will be the first trial of x . the first trial of x, 
will be the second trial of x , the first trial of Xs will be the third 
trial of x , ete. The 2nd trial of x, will be the (774/)s¢ trial of 
x , the 2nd trial of x, will be the (7+Z)ndtrial of x , etc. In 
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general, the digits of the number, x, , are selected from the digits 
of the number, x . The digits selected are, the rt/, the (r#n)th, 
the (r+2n)th, (re3mth. etc. That is 

Prem (ran) (r+3n 
(15) Xp =. x x x x Pas 


We can now speak of the independence of the numbers, %,, X,, 
Xp. 
It will be observed that 
-° 
(16) Gage 22 MeR EM eZ Ms... 
and hence we can write 
-r 


a 
(17) a os ew 


We shall abbreviate this notation still further and write 


-r 
(18) (r/n)x2 xe z 


-7 


It is natural to assume that ol(r7/)x)= oe) for every pair of 
numbers, 7 and 77. such that O<rg¢7. If we assume this, and 


if we assume that the numbers, (1/72. (2/r)z. rx . . Anfrpx. 


are independent, then 2 must satisfy the following equations. 


(19) OU /n)xz (re/77)x -- ry /n)xj-[pca))* 


for every 7m and for every set of integers. 7.45755 - ++ Pee 
such that O< 7, <ry< --+ or, 377. 

Any number, x . which satisfies equations (19) is called an 
admissible number. It can be proved that there exist admissible 
numbers.* It is clear that an admissible number, x , characterizes 
the behavior which we should expect from a sequence of trials of an 
event with probability, pf). 


[*See the author's article, Admissible numbers in the Posey of probability, 
American Journal of Mathematics, Vol. L, No. 4, Oct. 1929]. 
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Example 5. An event, x . has the probability. (2). What is the 
probability of ebtaining precisely two successes in three trials of 
the event? It is required to find 


OUI x-( 2/32 APD x UA AWD xl l/Jz J 
VUWDx WI)x:-AZ/3)x)}. 

Fach of the square brackets contains three independent numbers. 

Thus for each square bracket we have the probability. [oe nfax). 

The square brackets themselves constitute three mutually exclusive 

events. [lence the desired probability is 3 ole) )‘plvx). 

Jet us find the probability of 7 successes and 7-7 failures 
in 7 trials of an event. Let pf@):pand pfvx)=g . The proba- 
bility that a given set of 7 trials will all be successful, is po” . and 
the probability that the remaining 7-7 trials will all be failures, is 


7-f : ° 
g The rs successful trials can be chosen in aie ways. 
Since all of these ways are mutually exclusive, the desired proba- 


fi ti ror 
bility is _C, p’¢ ‘ 


Consider the following problem, Let x,.x,,...%, hea 


” 
set of mutually exclusive events whose probabilities are known. 
We shall call these events causes. Let y be an event which can 
occur only as a result of one of the causes. The probabilities of 
y ifx,, y ifx,. etc. are also known. .\n experiment is per- 
formed and it is observed that y occurs. What is the probability 
that this occurrence is a result of 424 cause’ The answer to this 
question is given by the following theorem. 
Theorem 3. If %,. %2.%3. . - - %,y iS a set of mutually ex- 
clusive events, and if y is such that yrw(x,V%,Vo-- Vx )= OO, 
then 
Dit~e) ply cx ,) 
P(X.c y) = 2 ple) plyex;) 
e=l 


Since y- v(x, v%,¥-+-¥x,)-O it follows that 


yzly:x%,)“ly %,)V"° . Viy x,). 


D(x;) Plyc X;{) 


Hence 0(y)= D(y'x%,)+ Ply x,)+ +--+ + PY x, ). 
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Therefore 

Ply) = P(x) Plycx,)+ P(E,) PIV CX) +>» + + ple, dolycx,). 
‘To complete the proof of the theorem it is only necessary to sub- 
stitute this value of p(y) in the equation. p(x, y= p(x, yVply) 
and then substitute Dey) Oycr,) for pf, -y). 


Theorem 3 is known as Bayes’ principle. The probabilities, 
p(%,). P[z,). es . Bat. are called a= priori probabilities, 
whereas the probabilities, /2,¢ y). pf%,cy), - - - p(x,cy), are 
called a postiori. 

Example 6. There are four urns, % .U,. &, &. 
contains three black balls, U/, contains one white ball and two black 


Theurn, & , 
balls, U4 contains two white and one black, and U3 contains three 
white balls. An urn is selected at random and a ball is drawn from 
it and found to be white. What is the probability that the ball 
came from U,? Let . . %,. ¥,. Xz represent respectively the 
drawing of U .U,.U,. Y.and ia y represent the drawing of a 


white hall from the urn ek Then 


D(%,) = plxz,) = Plt2) = O(x;)= 1/4, 


and piycx,)= 0. plycx, )= 3. plycx,)=2/F. plyex,)= V3. 


4:7 
Hence P(x acy) = gamma = If. 
$ 3 


~ 


+ 
7. 
A and B. make the same statement in- 


he 
ee 


= 


Example 7. Two people 
dependently. Let this event be denoted by y . Let x denote the 
event that the statement is true. Then y can be the result of two 
causes, %,= % and x,=vx. It is given that the probabilities of A 
and DB speaking the truth, are respectively a and b. What is the 
a postiori probability that the statement is true? We know that 


plycx,)=ab wd plycx,)=(l-aNl-6). Hence 
a.b: p(x) 


P(*cy): —————$—$ 
a:b: px)+(l-aXl-b):p(wx) 





156 THEORY OF PROBABILITY 


it might be added by way of warning that it is easy to state a 
problem of this kind. which is without meaning. 

Let us consider the problem of finding the probability that an 
event, x , will preceed an eveut, y . a tic being excluded. We 
have the four possible situations. x-y.@wx)-y), x-wy)(wx)-y. 
The first situation represents the tie. and this situation we have ex- 
cluded. In the second situation neither 2 nor y succeeds, and 
this situation should also be excluded. ‘The event,z , will preceed 
y provided x succeeds and y fails if either of the last two 
situations occurs. Hence the desired probability is 

ple wy) 
O(x-uy)+ Ply wx) 


Pl(x-wy)cflx-vy)v(y-~x)}]= 


When x and y are mutually exclusive this last expression takes 
the following form: 
PO) 
R(x) + ply) 
IV. CONCLUSION 

The above examples illustrate how the theory of probability 
can be developed in terms of our idealized universe. By this 
method we can construct a consistent mathematical theory, and one 
which admits the possibility of experimental verification. 





RELATIVE RESIDUALS CONSIDERED AS 
WEIGHTED SIMPLE RESIDUALS IN THE 
APPLICATION OF THE METHOD OF 
LEAST SQUARES 
Wa ter A. HENpbRICKS 
Junior Biologist, Bureau of Animal Industry 
United States Department of Agriculture 

In a recent paper the writer’ discussed some considerations in- 
volved in fitting a curve, by the method of least squares, to data 
in which the magnitude of the errors cf measurement was affected 
by the size of the dependent variable. For the special case in 
which the percentage errors of measurement were distributed nor- 
mally, it was shown that the most probable values of the depend- 


ent variable could be calculated by minimizing the sum of the 


squares of residuals of the type, v- ae, , with respect to 


V,V being the arithmetic mean of the ratios of the observed 
values of the dependent variable to the corresponding calculated 
values and equal to unity at that minimum. 

The concept of a relative residual has a certain value to the 
investigator as an aid in visualizing the nature of such a set of 
data. However, it is possible to use a different method of analy- 
sis, based on the theory of weighting, which will yield exactly the 
same results when applied to such a set of data and in addition 
possesses the advantage of being applicable to more general prob- 
lems in which the relation of the errors of measurement to the 
values of the dependent variable is more complex. 

Standard texts on the method of least squares such as that 
by Merriman,’ show that if the probability of the occurrence of 
an error of a given magnitude varies for measurements of suc- 
cessive values of the dependent variable, it is necessary to weight 
the observation equations when fitting the curve. If the errors of 
‘Hendricks, Walter A. 1931. The use of the relative residual in the appli- 
cation of the method of least squares. Annals of Mathematical Statistics, 
2 (4): 458-478. 


*Merriman, Mansfield. 1907. The method of least squares. 230 p.. illus. 
John Wiley & Sons, New York. 
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measurement, made :n obtaining one observed value of each of 
several successive values of a dependent variable, #(X) , are in- 
fluenced by the magnitude of, £(X), the probability of the occur- 
rence of errors of the magnitudes, x,, 22, Begs 2 6 + hs 
respectively, is given by the following equations: 


-4+, *x 2 
B=k,e tas 


” -/7,7 x2 
Pye ke Mt 2 
~ an * 
F3-k; te 
«wit az ‘ 
F= hye _ ‘<< + oo ee 


The probability of the occurrence of the given system of ~rors 
is given by the product: 


2 2 pty & 
D'=k'e -(h,22,44 hig rhgxse t+: n Xn ) (2) 


. . ‘ / 
inwhich P= H.R. RB. Band k= k,.k, ky. 4%, 

If the exponent of e in equation (2) ts divided by a con- 
stant measure of precision, A* , the equation may he written in 
the form: 


2 2 2 a 2) 
i A z fo zx + YP. a 
PP. k‘e 4 (2, %, Pzg“2 (3° 3 oo (3) 


in which 4? = p,4* , etc, and p,, Be. &.° "Fin ME Te 


weights of the corresponding errors. 7’ will have its maximum 
value when the value of the expression, 2%, +2, +P, xfs 2A : 
is & minimum. 

Applying the above principles to curve fitting and substituting 
a residual, y , for every error, x , to distinguish the residuals 
from the true crrors, it is evident that the constants of a fitted 
equation must be determined in such a manner that the value of 





‘ 2 2 
the pemem, DV, + PaV,° + Pye - 
minimum.* 


If the equation to be fitted is of the type used in the writer’s 
previous study (loc. cit.), viz.: 


Y=AX* .. 2.7... 


this condition is obviously satisfied by the solution of the follow- 
ing equation: 


ov, Ow Ov; Ov,, 
Pitt oA * Pe'egg* Ps" 94 * °° Pn'ngg O--(5) 


Let Y,; represent any observed value of the dependent vari- 
able and let AX _ represent the corresponding most- probable 
value. Then it is evident that: 


Vj2AXP-Y¥, 2. ....... (6) 


and 


Ovi 
=7 °x;" ‘++ ee oe oe oe 


All that remains is to find the weight, f; . 

Equations (2) and (3) show that the weights of the errors 
are proportional to the respective measures of precision, A,%, A} ° 
h,*, --- AZ. ‘It follows from the well-known relation between 
the measures of precision and variance that any measure of pre- 
cision, Ay, is equal to BGz2in which o; is the standard error 
of the observed value, Y; , of the dependent variable. ‘There- 
for, any weight, p, , is given by the equation: 


f 


; =e. .s..a.... (8 
”* tie." (8) 


*The above development follows that given by Merriman with a slight 
change in notation. 
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in which A * is the constant measure of precision in equation (3). 


If a set of data were obtained by making one measurement 
of each of several successive values of the dependent variable, 
AX* and the resulting percentage errors of measurement were 
distributed normally, it follows that the coefficient of variation of 
a number of replicate measurements made at any value of Ax? 
would be equal to that obtained for every other value of AX. 
In other words, the standard error of every measurement would 
he directly proportional to the value of 4X7 measured. 

Sinee. by equation (8), the weight of any error of measure- 
ment is inversely proportional to the square of its standard error, 
it follows from the above discussion that this weight must also 
be inversely proportional to the square of the value of Ax? 
measured. Combining all factors of proportionality into a com- 
posite constant, C , the relation between any weight, 2, , and 
the corresponding value of the dependent variable, 4X,  . may 
he expressed by the equation: 

- » sill (ceue ae eo 
Oi ~ atx 4 ™ 
If the substitutions suggested by equations (6), (7), and (9) 


are made in equation (3), this equation may be written: 


CAX,*-Y¥,)x7  CAXS-Y,)XF CIAX,-Y)X; 


Ax AtXx* 42 x? 


2 *s 2 
C(AX - 7 y 1? MX, 
ra” 


Since the constant, C , is common to every term in equation 


Mite ce eve sinn » 


(10), it may be removed hy division, The equation may then be 
reduced to the form: 


nm (AX=Y)X? _, 


; cence en ane « 
atx? (11) 
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If there are nm observation equations, equation (11) may be 
written in the form: 


(12) 


from which the most probable value of A may he readily calcu- 
lated. 


7 ; <i Se? 
1A z x? C. 


or 


A-i=3: a+ a+ wo 


Equation (13) is identical with the equation obtained by mini- 
mizing residuals of the type, V - doz , reported in the writer’s 
earlier study (loc. cit.). The development given in the present 
paper is perhaps the better from the purely mathematical point of 
view since it involves nothing more than a systematic weighting 
of the observation equations. It can be applied to any problem 
in curve fitting if the standard error of each observed value of 
the dependent variable is known or can be deduced from a priori 
considerations. .For example, it often happens that the means of 
replicated measurements, rather than the individual measurements 
themselves, are used in fitting the curve. In such cases the stand- 
ard error of each mean may easily be calculated. The reciprocals 
of the squares of these standard errors will then be the required 
weights of the observation equations. 

However, if the standard errors are proportional to the valves 
of the dependent variable, it may be desirable to retain the con- 
cept of a relative residual, The significance of a percentage error 
of measurement probably can be appreciated by many investi- 
gators in various fields of research, particularly those whose con- 
tact with mathematics ts more or less incidental, to whom a system 


of weighting would seem somewhat artificial and arbitrary. 
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In either event, the necessary computations are identical. The 
precise procedure described in the present paper, like that devel- 
oped in the writer’s previous study (loc. cit.), cannot be applied 
when the equation which is to be fitted contains more than one 
undetermined constant. However, in actual practice it is usually 
sufficiently accurate to substitute the square of the observed value 
of the dependent variable for that of the corresponding most 
probable value in equation (9). If this is done, the method can 
he applied to any equation which can be fitted by the method of 
least squares. Using this substitution is equivalent to expressing 
the errors of measurement as fractions of the observed values of 
the dependent variable when the standard error of each measure- 
ment is proportional to the quantity measured. 
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POPULATION PARAMETERS 
I. Introduction. 


It frequently happens that all of the individuals of a sample of 
statistical data from a multivariate population are not observed or 
classified with respect to all of the variates. If a sample be repre- 
sented in matrix form by allowing the rows to represent the in- 
dividuals and the columns to represent the variates, then the matrix 
of the type of sample with which we are concerned is incomplete 
in that some of the elements are not present. As an example of 
a fragmentary sample of this nature, we may consider a series of 
measurements taken from certain parts of a group of human 
skeletons from some archeological find, in which some of the parts 
under consideration are missing from some of the skeletons. 
Again, we find such a class of samples in the social sciences and 
government statistics arising from incompletely answered question- 
naires. 


In dealing with fragmentary samples, it is important to have 
at hand techniques which will enable the investigator to extract 
as much information as possible from the data. This is especially 
true if the data are unique or expensive. An important problem 
in this connection is that of estimating the population parameters 
from the sample. 


In this paper it is the purpose of the author to investigate in- 
complete samples from a normal bivariate population. ‘To be more 


specific, samples are considered from a normal bivariate popula- 
tion of x and y, in which s_ of the items are observed with 


respect to x and y , »7 with respect to x only and 7 with 


respect to y only. In the first part of the paper we shall con- 
sider various sets of simultaneous maximum likelihood estimates 
of the population parameters and the limiting forms of their 


sampling variances and covariances in large samples. In the sec- 
ond part we shall consider other less efficient, but simpler systems 
of estimates. 
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II. Simultaneous Listimation by the Method of Maximum 
Likelihood, 

Let a sample w of NV individuals be drawn from the popula- 
tion of the two variates x and y whose distribution is given by 
- 2 

ail (4-a)”, fy- 8) 2 2rle-ay-b) 
1 20-r9| of oF Ty F 
é , 


¥ 
210,0, Vr? 


where @ and & are the means,’ q and oy the standard devia- 
tions andr the correlation of x and y in the population. Let 
Wry he the set of § individuals of this sample observed with re- 
spect to x andy , w, the set of 17 items observed with respect 
to x only and wy the remaining 7 items observed with respect 
to y only. ‘Vo avoid trivial results we shall assume that gs is not 
zero. Furthermore, we shall let % and » be the variances “and 
¥ the convariance', ¥ and Y the means of x and y in Wy 
The variance and mean of x in w, will be denoted by w an! 


¥, respectively, and similarly, the variance and mean of y in 


Wy will be v and y .The joint distrilution of X.Y . % 


»¥Y% »-e@. Vv. & . wy and S$ can be written from several 
well known independent distributions as 


(1) s [+s 2 ys+ly-b) 
-S-m -S-” - —— Sef zal 2 2 
F=K(a,) (a,) (t-r2) *e@ 4-79 oF * oy 


~ar Seat.) re [y.(2-2)*]-2,[v/y,-n)4] 


ot 


5-4 
a 


’ 


a, Sen-s9 


7 M+774ZS 
= 


777 -“ 
(m7) *(n)? 5 . 


- mt EY BYALA) 


‘li, for two sets of variates, or tia, o-++bins bg,,bes,° °° tan 
- n ” i Es 
1 Ce vie f- / yi } a 
we let Gmbh bi and Vie = 2, (Lye - UN tke bs Uj ke=Lh2). 


then t, and b are the means, y, and y, are the variances and i is the 


covariance of the two sets of t's. 
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The likelihood of w when wW is specified in terms of the 
foregoing statistics is given by (1). We shall use this expression 
of the likelihood to obtain approximations for the maximum like- 
lihood estimates of the population parameters OL, 0), r,. a 
and 6. Following Fisher*, we shall take the logarithm of (1) 
and denote it by L. For convenience, we shall, once for all, set 
up the following set of first derivatives, 


oL 6 (x-a) 


x LO, 1-rY 


where F = E+(z-a)*, H-=n+(y-b)*, d -u+(z,-a)* 


V-viy-b)*, $= $+(z-aly-b), «= 


In order to consider the liniting form of the sampling vari- 
ances and covariances of the maximum likelihood estimates, we 
shall need the matrix of mathematical expectations of the second 
derivatives of L with respect to the five population parameters. 
This matrix of expected valucs turns out to be, 


“R. A. Fisher, The Mathematical foundations of theoretical statistics. 


Philosophical ‘Transactions of the Royal Society of London, Vol. 222 (1922), 
pp. 309-368, 
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ol 
Oz, 


slaall-r)+(2-r2)\)_ __sr* : sr 
G0, (1-7 a, (1-7) 


s 26 (1-r)ole-r 7] 


of (1-r*) 


Zz 
where the entry in the ¢th row and st/ column is -E(- & ) 
0z; 92 i 


where z, is identical witha ,5,¢,, Gy and 7 as ¢ takes the 
values 1, 2,..5 respectively. Again, « and 6 denote the 
ratios -- and — which we shall consider constant as s+ . 

The maximum likelihood estimates of any number of the five 
population parameters for given values of the remaining paramet- 
ers are to be found by setting the corresponding first derivatives 
in (2) equal to zero and solving the resulting equations simultarte- 
ously. In most of the cases of practical interest, the solutions must 
be reached hy approximation. In this paper we shall consider the 
following cases : 


1. Estimation of @ and 4 for given estimates of o_, g, 
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and r. 

2. Estimation of a and oy for given estimates of a , b 
and 7. 

3. Estimation of —&, Y and r for given values of @ and | 
dD 


Before proceeding with the maximum likelihood estimates of 
these parameters we shall consider the notion of the efficiency of 
a set of statistics designed to estimate a set of population para- 
meters. 

1. Joint efficiency of a set of estimates. 

In order to attach an economic value to a sample and its in- 
dividuals, Fisher* has defined the reciprocal of the variance of a 
maximum likelihood statistic w of a sample from a univariate 
population as the amount of information contained in the sample 
relative to the population value of w. For large samples, in which 
the distribution of w tends to normality, this quantity is a con- 
stant multiple of the number of items in the sample. The amount 
of information contributed by each member of the sample can be 
found by dividing by the number in the sample. 

We can extend the idea of amount of information relative to 
a system of population parameters contained in a sample by con- 
sidering the reciprocal of the determinant of the limiting values, in 
large samples, of the variances and covariances of the maximum 
likelihood estimates of this system of parameters. This extended 
definition also holds for systems of parameters estimated from 
multivariate populations. 

The reason for adopting this determinant as the extension of 
the idea of the amount of information relative to the set of para- 
meters under consideration, is apparent when we note that the 
square root of its reciprocal enters as a multiplier in the asymptotic 
normal distribution of the maximum likelihood estimates of the 
parameters in the same way that the square root of the reciprocal 





8R. A. Fisher, Statistical methods for research workers, third edition, 
Oliver and Boyd (1930) pp. 266-270. 
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of the sampling variance of the maximum likelihood estimate of 
a single parameter enters as a multiplier in its asymptotic normal 
distribution. 

Fisher* has shown that for large samples, the maximum like- 
lihood estimate of a population parameter is distributed with small- 
er variance than any other statistic designed to estimate the same 
parameter. In the case of a set of parameters, the determinant of 
the matrix of limiting values, in large samples, of the variances 
and covariances of the maximum likelihood estimates of the para- 
meters is smaller than that for any other estimates of the same set 
of parameters. 


To prove this, let us consider a set { 2} , (¢-1,2,--n) 
of population parameters, and let the set | ¢;} be their maximum 
likelihood estimates, whose sampling distribution for large samples 
is 

VA ote hz. (t;-pMt;-p;) 
(2n)% 





where // =< | Ay, ‘|, where 1, --E(2 ) and Z is the 
logarithm of the likelihood of “the sample. “His the reciprocal of 
the matrix of variances and covariances and covariances of the t’s. 
Let the set { u i be any set of estimates of { pi in which at least 
one u is not a maximum likelihood estimate, and let the asymp- 
totic normal distribution of the u’s be. 


if 
Ye EE, Kijlts PMusy-Ep 
(2m)z 





where K=| k; jl , which is the reciprocal of the determinant of 
the matrix of variances and covariances of { ul i} . Now, ow 
problem is equivalent to that of showing that H >K. Suppose 
there is at least one set of estimates of { P; containing at least 


4R. A. Fisher, The theory of statistical estimation, Proceedings of the 
Cambridge Philosophical Society, Vol. 22 (1925) pp. 700-725. 
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one estimate which is not a maximum likelihood value, such that 
the reciprocal of the determinant of its variances and covariances 
is greater than or equal to 7. Let this set be { lu, . Then, by 
hypothesis, A’ 2 17. 


Let 7’ be any linear transformation «,-p, = “Za Oy X of pure 


rotation of the axes representing ;-, (¢= -f é n n) ‘about the point 
re origin, which will reduce ay ky; Cu; ad - 


to a sum of squares, F i. _. Here we fee k, “2 Kye 

Z. and x, =, Den fai: -p;) , where 5,, is the cohen ‘of Phy 
in |a,;| . Then 4, is the nana of the variance of the 
variable a, -E 6..u, about its mean value p, -£ b.4, and 


TT ik -K, since * deinen | ai) | of 7 is unity. But a, 


is on the maximum likelihood estimate of 0, , since at least one 


of the w’s is not a maximum likelihood value. As a matter of fact 


”? - 
ye Ping t, =f, , say, is the maximum likelihood value of 4, , for 


vanishes only for p, = 7%, , that is, for 9, Eb 1.¢; + (provided 
we assume that 5B. = O(¢ = - Z,---mhas the unique nition D;=t; ). 

It follows from Fisher’s® proof for the case of one variable, 
that the reciprocal 7,, of the variance of t, is greater than ka. 
Hence, 7 a, *! 7 k . We note however, that the maximum like- 
lihood collmates e t x are not independent, for their distribu- 


tion is 


la,, Vi 
(21) 7% 


where A, PA ij 4g? which is not necessarily zero for ++ 6. 


The int “of this non-independence is to introduce a term % asa 


multiplier of Z G,, where R is the determinant of correlations 


among the a s, and is less than unity. Hence, 17 7 > Pu, 
x =/ = 


5R. A. Fisher, loc. cit. 
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qi k =K. It is well known from the theory of quadratic forms that 
the matrix |] h, 8 || is found as the product | 2,,-|| -|| 4, fil lle, j || . 
where | a y\ is lla ‘yj || with its rows and columns interchanged. 
Since the determinant |a | is unity, it is clear that | hig | ° 
which is equal to a = , has the value | Ni | which is H by 
definition. Therefore we have >, which contradicts the hypo- 
thesis that A’ 2A7, Hence, we must have A< A. 

Thus, the proposition is proved that the reciprocal of the de- 
terminant of variances and covariances of the maximum likelihood 
estimates { t; | is smaller than that of any other set of estimates, 
all of which are not likelihood values. 

We are now provided with a means of measuring the joint 
efficiency of a set of estimates in utilizing information in the sample 
relevant to the population parameters estimated by the set. We 
shall take as a measure of this efficiency the ratio of the reciprocal 
of the determinant of its variances and covariances to that of the 
set of maximum likelihood estimates of the same parameters. 
This quantity is less than unity, as we have just proved. -The ef- 
ficiency of {u i} is therefore 


(4) 


ett -4 


2. Simultaneous estimation of @ and b. 

We shall suppose that satisfactory estimates have been ob- 
tained fora, & y and r. If they are to be taken from the 
sample w , we can take o,* as the variance of the x’s in Wey and 
Ww, »of as that of the y’s in wy and w, and r from wyy,. 
In any case our problem is to find the optimum values of a and 
& for given values of I+ 6 y and r. “These values of @ 
and 4 are found as the solution of the equations obtained by set- 


ting (e,) and (e,) in (2) equal to zero. Accordingly, we find, 
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Leer . BY, — ‘ o}s ar 
/ 


se 
ty (1- re} Cy ¢ Oo, (f-r2)'*4 x) 


7 
where A= — ay [1041804 BCI as 


Oo, (1-r2) 


The matrix of the variances and covariances of @ and b 
i» samples is obtained by taking the reciprocal form of the two 
way principal minor in the upper left corncr of the matrix (2)* 
Thus we find, 


0 [1 +A(1--2)) 
sD 
a 


ines 
sD 


where De /+a+6+a6(1-r%) 


We note from (6) that the variance of @ is 


-2_ Os [1+ 3(1- r?)] 


@ 2 72)) | 
nd a similar expression holds for 7% . The correlation coeth- 


A 4 . 
cient of a and @ is 


i aeaieaieail Uctdaeeaiiai sical 
(2b Thy B/L-r@ Mien (1-r2]}i 


Sec Kar! Pearson, On the influence of natural selection on the vari- 
ability and correlation of organs, Philesophical Transactions of the Royal 
Society of London, series A, vol, 200 (1900), pp. 3-10. Here Pearson gives 
a method of obtaining the variances and co-variances of the variates in a 
normal multivariate probability function, 
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From the definitions in section 1, we find that the amount of 
information in w relative to a and ©& is the reciprocal of the 
determinant of (5). That is, 


s*+s(m+n)+ mn(i1-r%) 
Of oy (1-r*) 


- (7) A(lm,n,s)= 


From (7) we can find the relative amounts of information 
contributed by members of w, yr Hy and w, by means of dif- 
ferences. For given values of ~ and s, we have as the informa- 
tion contributed to w by an 77+/st individual of w,, 


s+n(l-r®) 
(7a) A, (nel) -Almel 7 s)- Alm r7,s)= ozoz (Lr?) ’ 
which is independent of 77. A similar expression mane for the 
n+/st member of wy. 
For the s+/s/ member of yy» for given values of 77 and 
‘7, we get 


menrcse/ 
(sl) = TaatT1-r 7) 


(7b) 4 


Wy 


It is clear that an additional member to w, ,, is more infor- 
Cm rel) r2 
mative than one to each of w, and wy, by an amount G2 a2 (1-72) o2(1-r2) 


or, considering the ratio rather than the difference, we have 


A(rr+l, n+1,8)-Almn,s) r2®lme+enel) 
(7c) Aw __, (stl) “- 25+ mene) 
xy 


We find that the amount of information introduced by w~, and 
wy is Almns)-AQ0s) which is Slee and its 
ratio to the total information (7) is y 

52 
“$248(m+n)+mn(1-r2) 
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3. Simultaneous estimation of o, and Oy. 
If we suppose that .- is given as well as @ and J, we can 
find the optimum value of @* and oy by solving the equations 
obtained by setting (e,) and (e,) in (2) equal to zero. Ac- 


cordingly, we get, 


i AE naan il ETT sissies i 
«REF (1+4)-G*(t-4)+ V4 EP G*(1+4 Y11B) + G4 -B)* 






ag 

oO = aise aici enlace iit i alc aa ile aaa tina 
Y REF(L1B)-G*(B-«)+ VAEFG*(1+« )(1+8) +G*(«-6)* 

e _ 7 rs 

’ f= B04 3 and es 


where £’=4@+ pe ° 





§ 
i-72 












The variances and covariances of 6, and Gd, are given by 
the reciprocal form of the matrix obtained by striking out the last 
row and column from the third order principal minor in the lower 
right corner of (3). For the variance of Gy , we find, 


z of [2(1+4)- r7(ZB+1)] 


i « qualia En + 
% 25 [2(1+aN1+G)-r2(e+B+e G4) ] 
A similar expression exists for o* . The amount of information 
Pp Cy 


yielded by w relativeto oa and o L. under these conditions is 









’ 4(m+sMnes)-2r2lsmisn+2 mn] 
(9) A(mns)= ~~ —~"gz 5 (f-ra) 


From (9), we find the differences corresponding to (7,a,b,c) to be 


/ 4(s+n)-2r2(s+2n) 
ee Ry foe gfay (1-r# 

/ 8s+4lrn4+1)-Zr2( msn) 
(9%) Au, = sae (Lr?) 


A'(n74L +1, 5)-Alm,ns) p2(msimtest+Z2) 


: pe Loleeneaaea) 
= Avagy (541) penn EN 
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4. Simultaneous estimation of o, ,. dg, and r. 

Let us suppose @ and 6 to be satisfactorily estimated. For 
large samples, @ and J can be estimated from the sets of x's 
and y's obtained by pooling w, , Ww, and w_. Whatever esti- 
mates we may choose for @ and 6, our problem is to solve the 
equations obtained by setting (e,) , (ez) and ( e,) in (2) 
equal to zero, for Os o andr. 

If we denote the quantities in the brackets of (e,) , (e,) 
and (e,) by #, g and # respectively, then we are to solve 
the equations f=g-h-O for TY and - . The method of 
elimination seems to be of little value in solving these equations. 
Then we shall use the extended form of Newton’s approximation 
method and find an approximate solution. Considering nothing 
higher than the first order terms of Taylor’s expansion of f,g 
and / we have (letting Oy =X, Oy=¥: r=z), 


f+ (x- xh +(y-y,)hy +(z-z,)£ =O 
(10) g, + (x- -x)g, +ly- ¥,)9y + (- z en =O 
h, +(2-x,)hy + (y- y, hy +(z-2,)h, =O 


» eet Se and so on. 


where f,-/(x,,y,, z,), f= 
We shall take for the initial point, x, = ve , y,* /F5 and 
Z,= aE , which are, for 77=77-O and a@=x, b-y, the maxi- 
mum likelihood estimates of oy , oy and r fromw . 
Solving equations (10) fora, yand z by Cramer’s rule we 


find ‘for the first approximation beyond the initial values, 


at | slg B09) +0160) 


o,= 


(11) & lt: 2 Cap SFltcot) 0 5 


«(7) fas" +) als 57 +. 


= 


F=p | 1+(1-p2) 













176 POPULATION PARAMETERS 

where D= 1+ ee + Oe t,pt)and 2 . By using the 
point whose coordinates are given by (11) in place of the initial 
point in (10),we find a second approximation point, and continu- 
ing the process we get a sequence of points. Such a sequence 
would raise questions of convergence which will not be considered 
in this paper. However, it can be shown without much difficulty 
that the likelihood of the point whose coordinates are given by 
(11) is greater than that of the initial point for variations of @ 

and Y about & and mH respectively, and for Z@- & and V=5 
the likelihoods are equal. Indeed the problem is equivalent to 
showing that the ratio of the likelihood (1) with the values F , 
Jy ~~ and RS for a, . O, and r to the likelihood with 
the values given by (11) for OG, 1 Oy and r has a maximum of 
unity for variations of @ and @ about € and 45. This can 
be readily done by examining, in the ordinary manner for maxima 
and minima, the first and second derivatives with respect to @ 
and V_ of the ratio of these likelihoods. 

The matrix of limiting values of the sampling variances and 
covariances of the maximum likelihood estimates of a gy and 
r can be obtained by taking the reciprocal form of the third order 
principal minor in the lower right hand corner of (3). This reci- 
procal matrix is, 

(12) 


of (t+B(1-r*) r%a,6t-r) — ra(t-r a Blt-r*) 


Z2sé 25E 2sFE 
*¢,0,(1-7*) OF (Leall-r4) ra, (1-r2W1+4 (1-r2) 
2SE ASE ASE 
rEll-r?*)1+8 (t-r+) roy (l UL +4(1-1) br2)[t+(4+BXt- 5 ‘a Att-r9) 
Ast asE 252 





where E-/+4+8.06(f-r7 . 

The amount of information in w relative to o,, Oy and 
ris the reciprocal of the determinant of (12). Denoting this 
quantity by B (77,7, s), we have, 
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(13) Bfm,n,s)= 


pg [oven njearnait- *)| 
afo% (1-r2)? a a ae 

Proceeding as we did with (7a), (7b) and (7c), we find the 
following incremental contributions : 


4 4 
(Wa) 21, Orel) S358 Ere? Lot snct-r4)| 
(13b) if of a2 1-r2)* (35 + 3s01+(2selXtmen)emnfl-r9 |. 


4 
(13c) Bim+L n+l s)- Bim, n, 3) = aPos(1-r*3 [ 25s /mmetNt-r9] 


4 
(13d) Bim, n,s)- B(OO s)= oroklt-rep [34m m+ mnsx(t-F9). 
e'y 


We note that the s+J/st member of w,, is much more im- 
portant than an additional item to each of w, and Wy when o io 
Oy and r are considered, than when @ and 4 are considered. The 
amount of information contributed relative to r by w, and Wy 
can be found by differencing the reciprocal of the element in the 
lower right corner of (12), with respect to 77 and n. If we call 
this reciprocal /{ (7,75), we have as the ratio of the contribution 
of information by w, and w y? to the total information in w re- 
garding r, ‘i 

K~(.ns)-K,(00s)  % s(msnjermn(l-r2) 


K re (™m,7,s) s?+s(msen)+mn(l-r*) 
In a similar manner, we can find the contributions of the various 
parts Wyy » a), and Wy, to the information relative to any one 
of the parameters oy , Oy and rand we can find their effects 
upon the covariances of the maximum likelihood estimates by con- 
sidering the non-diagonal elements of (12). We find that the in- 
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formation afforded by w ' relative to oy expressed in terms of 


the total amount of information in Wy» Wy and wy regarding 


s y 
Oo, 1S r4sn 


S*#s(m+n)+mn(1-r4) 

We remark without going further, that, by considering the 
five equations obtained by equating each of the expressions in 
(2) to zero, we can find approximations for the maximum like- 
lihood estimates of a,b, oy, a, and rby the foregoing method. 
Since the process is straightforward, though somewhat cumber- 
some in that it involves fifth order determinants, we shall net 
consider it here. 


III. Systems of independent estimates, 


We have seen that the problem of finding the maximum like- 
lihood estimates of 2,5 o, gy and r from the sample leads 
to expressions which are not very simple, especially from the point 
of view of practical applicatien. However, the variances and co- 
variances of these estimates were found to be relatively simple. 
In view of the difficulties connected with the foregoing maximum 
likelihood estimates, we shall devote the remainder of ‘this paper 
to a consideration of the moments, distributions and efficiencies of 
simpler systems of estimates. 


If we are interested in the means of the x's in w apart from 
X+aX, 
ta 


any contribution of the y’s, the optimum value of ais Z% = 
Similarly, for the means of the y's, we have i= GEL . The 


best estimates of the variances . and 0 Y under these con- 
dlitions are, ; 


/ “ 
7, “N, Ez nv+s(¥y-¥,)*+4 MY, -Yo ? | . 


where /V, = s+m, and NV, =s+7. 
For the covariance we shall take the product moment of the 


deviations of the x’s and y’s in w, from x, and y, respective- 


y 
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ly. That is, 


13 - ™ bitin ras 
So 3%, (X; XN y; -Yo) . 5+(X-XWY- Vo ). 

From these values, we can take as the estimate of the correlation 
coefficient, 


°” ¥E9, 


° 


1. Distribution of Z%, and Y 


° 
The variances and correlation of ¥, and Y% can be found 
from 


sii @ faa), (y- b)* zrleaNy-b 
vn s - E79 "OF GG 
(277) ‘aio? Vi-r2 
- m 2 
ig (Z,- a)*- zz ¢ y,-5) 
2 ae Naas ' 
by making the substitution Z,= on , ¥= — sand using 


determinant analysis’ on the symmetric matrix of the resulting 
quadratic exponential. 


: - ‘a Of oF 
The variances of %, and Y, are found tobe — and =¥ 

: ‘ re me  ' Z 

respectively, and the correlation between %, and ¥, is WA, - 


The exact distribution of Z, and Y, is normal. 
The amount of informatidn relative to a2 and 4. furnished 
by x, and y, is, according to our definition, 


(s+m) sen) 


Ret! 7. ft 8. 
Oy oy |. (m-+s)(r+s) 


(14) 


The efficiency of x, and y, is, therefore, the ratio of (14) 
to (7), which is 


(7774 $)*(7745)*(1- 7?) : 
[(74+sX 7#8)- mar?) [(meslnts)-s*r 7?) 


7Karl Pearson, loc. cit. 
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2. Characteristic function of & , », and >- 

The characteristic function or generating function of the 
moments of &, , 7, and 5, , which we shall denote by P///s €), 
is defined as the mathematical expectation of e ” Sot I2*EL | Since 
f, . and 5S, are expressible in terms of ¥ , Y , e+ & ts 
v, €, and $, whose distribution is given by (1), then clearly, 
we can write, 


(5) @(75,E)= fe *°%* FS way, 


Where F is given by (1) and @Vis the product of the differentials 
of the variables in F’, and the integration in taken over all possible 
values of the variables. 

The integral (15) can be broken into the product of a con- 
stant by a quadruple integral, a triple integral and two single in- 
tegrals. The quadruple integral is of the form 


4 
08 - CO - 0 eo _ by t:- Nt; - ‘ 
[LLL Fy GY Wot dt, dt dl, 
- ~ 00-00 “~00 


rr2 
which has the value’ 73 , where J is the determinant | 4, j | 
(4/-1234 ) and 3,; = by. The triple integral is of the form 





oe oo Vz ~(C,,% *C22V¥ + 52%) al 
if J é (ty-22) dzdxrdy 
o “o ~Vxy 
which has the value® : 
Var (Yr CE) 
c, Cre) 34 
Ciz2 [22 








8Karl Pearson, loc. cit. a 
"See V. Romanovsky, On the moments of the standard deviations and of 


the correlation coefficient in samples from a normal population, Metron, vol. 
5, no. 4 (1925) pp. 3-46. 
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Each of the single integrals is of the well known form 


[t AL, -¢ *t ot 


which has the value ctr) 


Using the above results for the integrals into which (15) 
resolves itself, we get, 
- -4 
(16) g8.. 2H, Fy ep. 5 \- 
Wi é)-A * BUAB-C*) *(A- We) * (BN) 





sf 
es it E Lf a 
\(A-g NB- 5, )-(0+ "| (4-2 ¥5-Z 


wilt 
e* r2i77% 7% m7 Cran xe ar 2 
= ae = Sa i we ae §€égaeaee ae 
43% NN, WN, £50,0, N,N, N2N, 








fl f ~ df 1 
th A= , B= , A= eee, 
—_— Log Zof A2eE f-r3’ 5 tr) 
iia een 
20, oO, d-r2)~ 


If we write \7(4,k,f) = ve DLE EN), 5. at 


we find the following expressions for the first few moments of 
gc. »@ ond X., 


_M-f _ Na-l _& 
M(1,0,0)= Ky" 0,2, M(0,1,0)= “he % 


M(0,0,1) = 70, © (+ fin. ) 





1104 1,0)~ FRA (n Nn toe 8 (2 


7 +s-t) 





(7) M(1,01)= Poi Oe nosy +s-1) 
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ANO 14) = r0, 0,7 x (N,+1) 7 wt 5-4) 





N, 



















a t(nN*! SIN, “is 
wang ted r1ioz.0)- LOE”, 
iv 








_ _* 2V. ,o 2 4 27 , pen 
M(002) A | der Xeere 2 WZ Nz * N,N,” awry 








4(s-1N1+r*) | 4mn /, mn 
pag gan 


, = 


2r* 


2 (at wif et Hynes 


If the sample w is fairly large, we can neglect the contri- 
butions of the means x _o. %,, and y, to - 7, %, and con- 


sider as satisfactory estimates of the variances and covariance, 


> F4+nu 


Lt 


555 








— 7tPv z. 
To" 6’ 3 
3. Characteristic function and sampling distribution of &,, 


H, and 5. 

It is clear that ~,, 7, and ¥% are obtained from §,, 7, and 
3, by dropping the terms involving the means %, y, xX, and 
y, - The characteristic function J (7 6 €) of these ie can 
be obtained from (15) by replacing &, y, and S, by &, 4, and 
S. and integrating. The integral in this case will not a the 
quadruple integral, but only the triple integral and the two single 
integrals. ome: we ‘find 


PLS, E)=A 7+ #13 B- 2) Ha- Z) “7e! 
x(B-§ ) PAA N NB-5)- -(C+£ )* | 


which is somewhat simpler than (16). 


The first few moments of E, 7, and 3, evaluated from 
P(x 5, €) are (using the notation of (17), 
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0,7 (N,-2) 
N, 


s-l 
M(QQ1)* >" 1EY 


o,2(N,-2) 


/U100)= » M(O,10)< a. 


22 
“Ne 


M(1,1,0)= [ 2n#s-2)4(N, -2N,-2)| 


POY EY | raya ype CEM 


M(1,0,1)= 
o,4(N,-2) (Ne 2) 


(18) 4/290) a, M020) wa 


C, ‘. (s-1)(1+ r*s) 


M(002) : 


. 2 


M (1,1 1) ma 
? 


[ze 4 N,- 2)+2(sel)r*s n-21N;2)| . 


In order to find the exact sampling distribution of : 7 
and - it is more convenient to consider the statistics 3 2 & ; 
"% = m, and $,-$. The characteristic ao of we sta- 
tistics is found from JW €) by replacing N Yr bys, Ves hy 


6, ,and &€ by €. Thus, we have 
19) 9,(7.6.6,)0A8 ABCA 10-8) obser) 


where A,, 8,.A,. B, and C, are the constants A ,8 A.B 


and C each multiplied bys, and as mt b= 3 and c- $ 


The distribution f{%,, 7.5, )of §, 9 and 5, is then, the solu- 
tion of the integral equation, 


/ / / 


4 +59,+ 
cof] Te oh 4AES erg 9 1 SIdbdad3=9,(4.4,6). 


“V2 








“4 
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We note from (19) thi it the factor (A - x ~ can be 
written as A- r) “A- FY) “and likewise with respect to B- -5)h 
For sufficiently small values of x and 6, these terms can 
be represented by serics expansions. It will he convenient to re- 
arrange the product of these two series in a power series in r?, 
Expanding and arranging in - manner we get 


yy BUEB-G é 
(21) O4.¢.6)= Ae AS’, 4-%) B- 6) A; GNB-d)-C +3 oy 


2c¢ 


, Y= J 
gr" 4 re oe a . fA, B 
1 7 & (lav logs) (5) . 
Each term of this expansion is of the form 
= ~ a, - -b - 2 ~ 
(22) 9,.5,5,.6,)= GAG) “Bb, "A Glh-5)-C, +E) | 


where Gy, is a constant independent of v. 6, and &,. 
We are now in position to find Ft . 7,,5, sts a series of 
terms tf. 2. 3) Whose form is given as the solution of 


“En 
anf [] e# 478, % £.(8,,9,, 8 dE d7,d$*9,(0,6,E) 
Ny 


The integral equation (23) can be solved by the methods used by 
Romanovsky'®. Following Romanovsky we find that 


“AE, -B,7,+268, agte-3 4 +e-3 , 3 
(24) f §,,9,.5)=6,e os Eg 2, “(7 =) 
. 2 


where WJ TERM is an even function of Ze =t, say, which satis- 


fies the condition 


'©V, Romanovsky, loc, cit. 
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: +1 / 
(9+) (c+g) 
29 at oe Srl 
cs) | ¢ w(tat Fla,+c+9)(o,+0+g TTR) Mg 


forg=Q12 . . . andw) (t} is independent of g . 


To solve (25) we observe that the right side can be written 
as 


Ip! Has . 
(26) Mg oH [uP ¥ (1-0)? voro“-v) 4. ‘dudv. 
oo 


/ 
where //= -(P)T (Orb, )age-g) - The g-th moment of t*is now 
identical with the g-th moment of the product uv. Since w (t) 
is even, we have, 


/ 
(7) [teat £119. 


o 


Setting v -£ , av 22a in (26) we find 
‘ tz a,rc-% c-3 bg-! 
(28) w(t)-H/ -F) u~*¢t-u) * du. 
t2 


Making the transformation ss, =@, we finally obtain, 
apt ywc~ 2 
(1-t) 5 
(29) Wt)= ——__—_______— Fla,, ba 4re4, /-t?], 
(Ee) rl) la,+bh+re-£) 
where the F function is the ordinary hypergeometric series. Us- 
ing this form with t replaced by in (24), we have &,(£, 7, $) 
fully determined. sina 
The complete solution f{¥,, 7,, 5, ) of (20) cam be found 
by summing all of the expressions of the form (24) whose char- 
acteristic functions appear in the sum (21). Without much dif- 
ficulty we can sum this series by expressing the coefficients as beta 
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functions and interchanging the order of summation and inte- 


gration. Accordingly, we can express f(& , 7, §) in closed 
form as 


-A,€,-B, —" b+c-2 _ 2 avbec-3 


(30) — 2 (0-3 


4 

















7 
‘L ws [tl fa yrta-yet 


r2(1- & y 7, x, B+ £ oe ew 


where X= AIBA B-C) 
(3) la)r(b) re) (c-$£} 





The distribution of r %, and 5%, can be found by the 
change of variables &, = uF E> 0, = Ne, A,» 3,~ 5 - It is clear 
that our estimate ¢,- 5 ‘of the correlation coefficient can 


”, 
Tange in value from - yaar to Fa ; 

4. Moments of # %, and 5, when r=0. 

The general product moment /7(4, 4 1) 4EE 77 "5% 2 2 "J ob- 
tained from (30) for “#0 is extremely cntmaaageile os im- 
practical, since it is a generalized hypergeometric series expressed 
by a quadruple summation. However, for ~=9,/7(4,4,2) is quite 
simple. Indeed, for this case, we have, 


Bla le-$)s?** Krav te tis [ ty io i AEs ” 


(31) M4(h,k, 0) = Flave-f) NONE. N; 





nein becrk-F$ ¥O-# gyno 2 


x%, 


a+c-Z bd sf +e 
x (1-9) *9 [-a- go de] aod SaE dy, ° 





Mh, k, 2) exists for all positive values of h and & and for all 
positive integral values of 7, Since the integrand is an even 
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function of %, it follows that 47/4, &, 2)<Ofor 7 an odd integer. 
If we let 7=Z1/, set S,=tv& yin (31) and make use of (25), we 


find, 
sg ftk A; ?-¥B-*-VY 


N,” Nz 
TlbrerksV)l lare+h+V)(U+$ ) 0 (e+V) 


. (b+c+V) 0 (a+c+ V)T (ce) ($) ; 


The 27/-th moment of the correlation coefficient can be found 

from (32) by letting =k--7/. Thus, . 
14, nde (ee Y Ob rle+W rate) bec) 

2ve $2 Flasvc+V)T(b+e+V) 0 (E/T (£) 
The variance of 7, is Org = Seta NN y » Which does not dif- 
fer appreciably from g-z7_ , which is the sampling variance of r 
when it is computed from uw) ,,. The distribution of r, is found 
by setting t= Rin, in (29) and multiplying by //e+c) 
S(b+e). 

The 2V-th moments of the regression coefficient of y on 
%, p= 5, say, is 


N,)*Yay)®” Flasc-V) (V4) Fle#V) 
M, (0) = M-kv,0, 2V)= 3 () Flarc+V te (E) ’ 


and the variance is 


Mlh,k, 2V)= 
(32) 


2. _N,%(s-L) of 
Cn (n-ANN-ATSE OE 
2 
This differs very little from the variance GS <= of the re- 
gression coefficient using only the data from Wry . 

Slightly more accurate estimates can be obtained for a%* , 
oy and rao, by multiplying &, 9 and 5, by mee nee 
and sr respectively. These corrected estimates will have their 
mathematical expectations identical with of , o% and ra oy, 
as will be seen from (1,90), 1/0,1,dand /7(QQ/) in (18). 
In this case, the general moment (4,4, 2V/) will be identical with 
(32) multiplied by 


Sata 
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‘ ; , ‘ 1 
The variance for 7, in this case is 5-7 , and that for the re- 
gression coefficient is 
(N,-2) a7 


(s-1)(N,-4 og 
5. Variances and covariances of /F, , Ja, and -, in 


large samples. 

As we have seen in the last section, the product moments of 
A , 3, and %, evaluated from (30) are too complicated to be of 
much practical value, and there is not much hope from this source 
of finding the sampling variance of the estimate ~%, of the correla- 
tion coefficient. The moments and variances of /F, and ih, 
taken separately are well known results. In fact, for large sam~ 
ples, the variances are Sand = respectively. The variance 
of 7. is not so immediately obtained. We shall find its limiting 
form tor large samples from the normal form approached by 
the distribution of VE, , vj, and 4 as ™n and s approach co 
in constant ratios TI sd ,228 . 

For convenience let vE, =O ,WH,-=9 and ~-t . Then 
we have 


a_ Frau 72 n+OV 4.5 
= ae 


If we integrate (1) with respect tox,Y,xX%, and y and 
perform the following transformations on the remaining part of 
the distribution, 


8=O%(L+a)- cue db =20(114)d9 
n= P*(1+f)-BV An=2U18)dgp 
$=teEegd as=6¢d, 


we can write it in the form, 
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3H) Flayegtfuvedt)’, 


4 


where ; an 
Flu, yedt)= AC(1+« \1+BN1- eae Git ptae 


xu * Ay o*g* [trie auNiBe* Bv)-t70*0?| -2 


3-1 
as 1 NL -~5-m42 _ -8-1n4+2 = 
S-1,, aa oe (1-r*%) = 


and 
-f-u -1-8 %&+6B+2 


f(u, 4, 6g, t) = (1-r2) *0, Gq e€ z* ua “v 


ZL 
x [ (407-4 uty ~3V)-270Y*]* 


ill 17404% ru eG rBv 2rteg 


If (34) were integrated with respect to u and v, we would 
vet the distribution of o-VzF, , P= Vx, and tT=s7 
where the distribution of § , 7, and 5, is given by (30). The 
problem of finding the asymptotic normal form of the distribution 
of O , M and? from (30) seems extremely complicated. How- 
ever, we can find this asymptotic form by first finding the limiting 
normal form of the distribution of z,v, 0,2 , andt from (34) 
and then integrating with respect to w andy. 

The limiting normal form of (34) can be found by methods 
developed by von Mises" in a paper which appeared in 1919. In 
fact, F(uy @Pt) satisfies all of the conditions of the generaliza- 
tion of his first theorem to functions of more than one variable. 
ln particular, the first order partial derivatives vanish and the 


11R, yon Mises, Fundamentalsatze der Wahrscheinlichkeitsrechnung, 
Mathematische Zeitschrift, Bd. 4 (1919) S. 14-18. 
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determinant and all of its principal minors of the negative of the 


Hessian are positive at the point P whose coordinates are u =0* 
2 7" os ° 
v=0,, O-0,, P-0, and t=7. Furthermore, £ is identically zero 


wutside the region of possible values of z.v,0,2, andt. 
The matrix of the negative of the second derivatives at P is 


Now it follows at once from von Mises’ theorem that 


-3F Pt 2% 


(36) Fl rab thu v400)\~Flaioig,.g, rie “tit YI 


J’ 


where x,-u-o%, v,= v-o7%, X,=9-O,, %=P-o, anda,-t-r , 
and A,; is the element in the ¢ -th row and / -th column of the 


matrix (35). Now, 
£ VaB (1+4N1+8) 


2 


Ig a ae 
Flay. (2Mecgaf (1-r*)2 


uly My, MF 
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la s )3 ; 

which is equal to (A)? w, where A is the determinant |>./| ‘ 

The variables in which we are primarily interested are O , 
PY anldt. The matrix of variances and covariances of O , 9 
and ¢ is formed by taking the third order matrix in the lower 
right corner of the reciprocal form of | Ni | . This matrix 
turns out to be 
(37) D 

r?aod rd, (1+8-r2) 
2s(1+4) 2s(1+% 1+) 25(1+4N1#8) 


r*o, 0, os roy (1+4-r*) 
g 23(144)1+8) 2s8(1+8) 25(/4#a)(/+B) 


+f +2 
t\ra,(4B-r*) | roy(t+4-r2) (1+4f1+8)-7{ tf .<Ow ore 
2s(1+a NTO) \2s5(l+4)(1+ 8) S(L+KN1+8) 


The determinant of (37) is 


ofo[(1-r®) 4 (4+ BUI-r*) +4 B(L+r7)] 
(38) 45 ie B® SS” 
The variance of +, is given by the element in the lower right 
corner of (37). It can be readily shown that this variance is 
greater than (ee the variance of the estimate of the correla- 
tion coefficient from Wyy only—a rather surprising result. 

The efficiency of O, Pand t taken jointly is the ratio of 
the reciprocal of the determinant of (37) to B(m,n,s) in (13). 
That is, 


(1-2) 3(14+4)*(14+8)* 


39) Eff 60 0= —  ——  ——_—_cc— 
-_ [ (140 1+8)-4Br* || (1-72) 3+ (4 Bt ua pltor?| 


which is less than unity except for the cases e'-O and 4-4-2, 
6. Efficiency of the system O, @ and 


If we use Fr r, , say, which is the maximum likeli- 
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hood estimate of ” fiom uJ, ys instead of fo in section 5, and use 
the foregoing analysis of von Mises, we find the following matrix 
of variances and covariances for the asymptotic normal distribu- 
tion of 96, P and r, : 

(40) 


f*oy od Poy (1-7?) 
Zs(L+a )(1+8) 2s(14+4) 


2 Fs f 
rego Jy roll r®) 


28s(1+4H1+6) 28(1+8) as(148) 


dy (1-r2) 


2s (/+2) 





The determinant of this matrix is 
Zpz2 2)2 i ) ) 
ofo? (1-r [Lea Mi B)- 5 (0+ B02 , 


4 . 
ited As*(1+4)*(1+6)* 


whose reciprocal provides us with the amount of information re- 
lative to ZX, og, and r yielded by the estimates O.9andr,. 
The efficiency of this system of estimates is given by the ratio of 
the reciprocal of (41) to (13), that is, 

(1-7 2H1+4)*( L416)" a 
Ert(la gr 

en (144 N1+8)- PA 1 14111 3)-F (4+ z DI 
By comparing the systetsO,9 , r, and O,¢%, 74, we actu- 


ally find the latter to he more em since 


(1-2)? (Lea Nt1B)- F lus bre) 
(1-72) 3 6 (a BL) 4a B(1er2)) 








which is the ratio of the reciprocal of (38) to that of (41). ‘The 
equality holds ony when /'-O or «-@4-V. 





S. S. WILKS 193 


The distribution f(z,wt) of F« Zz, 7,-wand7,-7 can be 
readily found from the distribution of & ,7,5, wand y, which 
is included in (1), by making the following sets of transforma- 
tions in succession, 


(a) Y= tvF7, ds= 7 dt, 
E=Sht 2-4 d€=1+4,dz2 

(b) ina oie 
n= 1t8z-8v a7=L+Odw 
ue S2/1-0) au--tézde 

(c) 


Ve P wtt-9) dy=- Lf wad. 


The result can be expressed in closed form as the definite 


integral 
(42) (2m t)-a-18) He Ft, EM 

cf [e%e Crags My ig cai 
where a 


-£ -N, th -N,tk 


“yor at N,N, ee DQ  U-r®) - 
rE) r( sites )r (77 





POPULATION PARAMETEKS 


~ 1 N[f-r 21-2) lz , N2[l-r*(L-@) Ww 2rt ne | 
7 2(1-r*) oz 


z 
QZ y 


When r=2, (42) breaks into the product of three well 
known functions, two of which represent the distributions of the 
variances in samples having s+77-Z and s+77-Z degrees of free- 
dom, and the third which is the distribution of the correlation co- 
efficient in samples of s items from a normal population in which 
the correlation is zero. 

IV. Summary. 

Samples are considered from a bivariate normal population 
of x and y in which all of the members are not observed with 
respect to both x and y . Such a sample is broken into three parts 
wy »@, and Wy» where aj dy is the set of s members observed 
with respect to both x andy, w, the set of 77 members observed 
with respect to x only and wy the remaining items observed with 
respect to y only. 

Maximum likelihood estimates are found for the following 
sets of conditions: 

(a) For given values of g, Jy andy, optimum estimates 

are found for the means a and b. 
(b) For given values of 2, 4 and”, optimum estimates are 
found for a, and 7 

(c) For given ati of @ and 4, approximations are found 

for the optimum estimates of dy , J, andr. 

Other sets of estimates considered are: 

(1) Means 2 and 4 estimated independently from the z’s and 

the y’s respectively, of the sample w . 
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(2) Maximum likelihood estimates of Oy from uw) y and wy 
and oy from wyy and wy, each estimated independent- 
ly of the other. The estimate of -a, dy, is taken as the 


covariance from ayy. The characteristic function of 
these estimates is found. 

Estimates of a, and oy taken as the square root of the 
weighted averages of the variances from Wyy and wy , 
and from w,,, and wy, respectively, with the estimate of 
rtaken as the ratio of the covariance of wyy to the pro- 
duct of these estimates of the standard deviations. 

(4) Estimates of 7, and o, the same as in (3), with r 

estimated entirely from uj, 

The exact forms of the sampling distributions of the systems 
in (3) and (4) are found, as well as the asymptotic normal forms 
approached by these exact distributions as the size of the sample 
w increases, subject to the condition that 7 =@ and 2.8 are 
constant. The limiting value of the variance of the estimate of 7 
in (4) was found to be less than that of r in (3). 

We have defined the amount of information available in a 
sample relative to any set of population parameters as the reci- 
procal of the determinant of the matrix of the limiting values, for 
large samples, of the variances and covariances of the maximum 
likelihood estimates of these parameters. It is shown that this 
determinant is smaller than that obtained from the asymptotic 
normal form approached by any other set of estimates of the 
same set of parameters. The amount of information relative to 
the parameters utilized by any other set of estimates is the reci- 
procal of the determinant of the matrix of the limiting values of 
the variances and covariances of this set of estimates. The meas- 
ure of the efficiency of any set of estimates is taken as the ratio 
of the amount of information yielded by this set to the amount 
yielded by the maximum likelihood estimates. The efficiency thus 
defined was found for each of the sets of estimates (1), (3) and 
(4). It was found that the set (4) is more efficient than set (3), 


& & walle 
















ON THE SAMPLING DISTRIBUTION OF THE 
MULTIPLE CORRELATION COEFFICIENT 


‘By S. S. Wiiks* 


The problem of finding the distribution of the multiple cor- 
relation coefficient in samples from a normal population with a 
non-zero multiple correlation coefficient was solved in 1928 by 
Fisher! by the application of geometrical methods. In his 
derivation he used the facts that the population value 9 of the 
multiple correlation coefficient is invariant under linear trans- 
formations of the independent variates, and that the distribution 
of the multiple correlation coefficient is independent of all popu- 
lation parameters except @ . 

In this paper it will be shown that the distribution of the 
multiple correlation coefficient can be derived directly from 
Wishart’s? generalized product moment distribution without 
making use of geometrical notions and the property of the in- 
variance of @ under linear transformations of the independent 
variates. Furthermore, it will not be necessary to show that the 
distribution will be independent of all population parameters 
except 0 

The population value of the multiple correlation coefficient 
between a variate x, and a set of variates x,,x,;,---x,, is 
the ordinary correlation coefficient between x, and that linear 
function of the variates x,,x,,--.- - x,, which will make this 
correlation a maximum. - It can be expressed as e7=/ ~@ 


4 
where A is the determinant of the correlations among all of the 


*National Research Fellow in Mathematics. 
*R. A. Fisher, The general sampling distribution of the multiple cor- 
relation coefficient, Proceedings of the Royal Society of London, series A, 
vol. 121 (1928), pp. 654-73. 

*John Wishart, The generalized product moment distribution in samples 


ay a normal multivariate population, Biometrika, vol. 20A (1928) pp. 
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variates X,,¥2,---- x and A, is. the determinant of correla- 


tions among the independent variates %2,%3,°°-%, Denoting the 


sample valueof o* by P* it is well known that 4 J- £ . where 


D andD are the determinants of sample correlations among the 


sets of variates x,, x,,-- x, and x, /X5,°°°%, respectively. 


Let us suppose a sample of N items to be drawn at random 
from the normal 7 -variate population whose distribution is 


” 
“32, Ajj (x,-m;Hx,-m,) 
VA 
a) oye * 
(217) 


An. 
where A,. = —“ , -| P; | the determinant of correlations 
dj 0,9;4 t/ 
among the 7 variates, J): Ks is the cofactor of A; -in 4, g; is the 
standard deviation of x, and A = |A, 
In the a. let 
N 


é 


e008 
a.) N 


N 
Se 


where x;,is the value of x, for the «-th individual of the 
sample. Wishart* has proved that the simultaneous distribution 
function of the set fa ay}, (i, /=12Z,----n)is 


A(N-1) N-1 


( Zz 2 ys A; jay Moe 
(2) ta= OE tice — {a 
EVE CED 


*J. Wishart, loc. cit. 
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where la, | is the determinant of the q@’s. 
We shall define a moment-generating function P(%, k)as 





(3) la,=fe**a:j opal faa, 





where the integration is to be taken over the field of all possible 
values of the a's and | 29] is the cofactor ofa@,, in | 2 










“/ |: 


A 
From this definition of D/~,A)it is clear that £.. Pl«, “| 
On 4 =O 


Atk 
is the product moment £ [ar cee lie will be shown that this 


expectation exists for 4=-k which will yield the 4-74 moment 
of (1-R?) , from which the distribution of can be found. 
To find Y/,4) we observe that since (2) is a probability 
function, its value over the field of all possible values of the a's 
is unity. Hence, we must have 









eo N-7-2 
-=2. A; a-;: — 
(4) te Sizer 44 le,,| da=G, 


‘ ‘ ‘ N- 
ny (Set (Mee) OF?) 
where G= yy) AED This relation 
(gq) 2 A 


holds for all positive values of V777 and for all values of Ajj 
which will make the matrix | A; j | positive definite. 


If #(@) he integrated with respect to @,,, @,2,°** * ys 
the resulting form will clearly be the distribution of the set of 


a's contained in |e pq|and will be 
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(n-1YN-1) N-/ 
2 2 ata 
B “F Sn 2Pr@ 409 
(5) "alii ileal sia e |2r9| 
is ae ae Le 
prcaelynedl -/ Pel). (Mzts) 


where Bog is the element in the p-t/Hrow and g-th col- 

umn of the reciprocal form’ of the determinant which is the 

cofactor of the term in the first row and first column of the 

reciprocal form of | Az |. The value of Bog in terms of correla- 
) 


tion coefficients and standard deviations is where 


a)? 
o “p% + 


7 
A =4,,,and A pg is the cofactor of Cog in A Further- 


“7° 
more, B-|Bya|. Hence 


-7-2 
Ms A;j 2; ; 
Je 2) tf “la, da,d{a-a,] 


(6) 


N-1 Nt -4E Bp 
on ty =(@) 7 5(S4e 2g-2 P4 “a oq) Ae -d], 


where Ga,=da,da,°:-Aa,, and d[a-a,} is the product 
of the differentials of all 2’s in |29| (P,9-23.--°° 7). 
Now. it is clear that (6) is an identity for all values of 
N and the population parameters G and 2,7 (1,f-1,2 +--°™; 
i#/) , for which both sides of (6) exist. Thus, we can per- 
form the following operations on (6): 
(a). Replace VN by N+2k . 


; N+2k ; 
(b). Replaceg;by gf NW’ (t=LZ,--- n) 


“By the reciprocal form of a Ceenieet e, -| we mean_the deter- 
minant formed by replacing ~ ele ‘j by the ratio Sul where 
Cj, is the cofactor of c,,; and Cale, A 









MULTIPLE CORRELATION COEFFICIENT 



























(c). ae 
(d). 


5 : ~K 
(e). Multiply both sides by |a pol 


Replace A,, by A,, - 





Multiply both sides of the identity by o 


Accordingly, we find that the integral of the left side of (6) 
over all possible values of theas is the definition of Y/~,4), 
which must be equal to the integral of the right side over the 
field of all possible values of the a‘ in But the value of 
the integral of the right side can be deduced at once from (4). 


Hence, we finally obtain, 


-kK N-{ Nl r(Xa2 +k) 
(7) Pia,k)-(9) AA, * BS Sar REy’ =) 












where A, is the determinant A with A,, replaced by 4,,- ‘ 
and Z, is the reciprocal of the cefactor of the element in the first 
row and first column of the reciprocal form of Ay 

That is, 


-1 
a * 

(8) By= —+— 
4 E 


«Pq 


where A “p is the cofactor of the element in the -t4 row and 


g-th column of Ay ,(2,9-23-:- 7). The value of 


4 apg | can be readily found by writing 


|A |= Axoo Aaij| 

Ve 

where A,,;=A,; except for e=y-1 and A, ,, =A, - 45. 
Increasing (a “ og to an 7-24 order determinant by inserting, 


as first row and first column, an additional row and column which 
will not change the value of the determinant, and multiplying it 
by |A~eg|we find 


| Axpg|" A, Ay” = )- 
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Therefore, 


B.—4« . 
7 (A,, - 3) 


Substituting this for By in (7) and using the fact that 


aa = . 
A.=A- = A,, , we finally obtain 


twa.) */NAy. g\* CLEA) 
(9) Atha (A) * (MA) © SOR. 


Thus. it is evident that p (a, k) exists for sufficiently small 
values of @ Let us write N-/ 


_N/ _ Wl _A - 
NA ) - NA,, ) 2 | . BA, A,, ’ 
=> -a =/[_—— -o ——_ | 


2A, 2Z 


(ua) 
and expand the second factor on the right into a Taylor series. 
Substituting in (9), we have the convergent series 


-/ 
NA rl Gtk) 
9(4,k) = (xx) (nee 
(10) we ag | 
it (LA -«) (F) (A,.-z-) 5 +e) 
£0 ed TS! 


A 
For the coefficient of <; in the expansion of the right side of 
(10) in powers of q,we find 


-k-A OG! - (M42 +k) 
(FY (4, ) r(%) 
a (1-Baogey! (Moi) CH one) 
a, Url) (7H +k+é ) 


(11) 
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(1-R?) 7 . We observe 
that (11) exists for all values of k and 4 for which 


MF ek > 0 and Nl sh +k 20. Placing /--k 


+k 
which is the definition of £ [a, . 


and pointing out that fa -{1-p* , we have as the «-7/ 
moment of /-* 


M,\(t-R*)|-£\(1-e7) "|= 


(12) 
(1-92)°F = ott 2G +i) (7 +k) 
Teas eee 


By using the relation 


| pt +k / b : n-/ ] 
ne Jaa ae 


(Rl onei)” rei) 
we can write (12) in the form 
ak G02 
_ OTE 
(13) CPE pla iota Ole) 


oo 2411-9) g 
do ; i! (e+e) — “da 





£=O 


The series in (13) is uniformly convergent in O for O<O<1 
and therefore, we can interchange the order of summation and 
integration and write 


(4) E[a-R?)-[1-8)gie)ae 


S. pas one” . 
grae &L 2) (1.9) "4 g B-! 
N-L NN- 
SP) (FY 
(15) ww pttatr( Y +) 
tk, (Bee) 


where 


Thus, we have a distribution function of a variable O such 
that the 74+ moment of @ is identical with the A-+4/ moment of 
r * for all positive values of K. It follows from Stekloff’s® 
theory of closure that (6) must be the only continuous solution 
of (14), where & (Z *) “| is defined as (12). Therefore, 
the distribution of 7 is identical with that of @ and can be 
written finally as 


SAE a) 
(EE) 


dt = 
(16) 


Non 7 
x (1-P%) Fy er) = ““(R?) F re. % 4 HF, 0*R la (RY. 


which is the distribution found by Fisher except that he uses the 
notation »7,=77-/, the number of independent variates, and 
77,+77,+/= NN, the sample number. 


5W. Stekloff: Quelques applications nouvelles de la théorie de fermé- 
ture au probleme de representation approchéc des functiones et au probleme 
des moments, Memoire de l’Academie Imperial des Sciences de St. Peters- 


burg, vol. 32, no. 4, (1914). . 










CURVE APPROXIMATION BY MEANS OF 
FUNCTIONS ANALOGOUS TO THE 
HERMITE POLYNOMIALS. 







By Herrick bk. H. GreenLeaAF 















I. Introduction 

In an article by J. P. Gram entitled “Ueber die Entwickelung 
reeler Functionem in Reihen mittelst der Methode der kleinsten 
Quadrate”! a unique procedure is set forth which leads to a very 
great simplification in the usual method of curve fitting by the 
method of least squares. That this method has not been given 
more consideration is probably due to lack of knowledge of its 
existence, rather than to lack of appreciation of its merit. Edward 
Condon,? Raymond T. Birge and John D. Shea* developed for- 
mulas by means of which curves can be fitted to certain types of 
data. Later, Harold T. Davis and Voris V. Latshaw* developed 
specific formulas, with tables of coefficients, by means of which 
curves of the second to the seventh degree can be fitted to the 







data with a minimum amount of computation. In a later paper, 














Professor Davis® has employed Gram’s method and in this way 
has developed a set of functions analagous to the Legendre poly- 
nominals. 

The purposes of the present paper are: 

(1) To develop formulas for fitting curves of the second 
to the sixth degree to given data by the method of least squares 
where the m+{ trequencies of the data have the terms of the 
expansion of (s + 5 )” as weighting factors. 





1Journal fur Mathematik, Vol. 94, 1894, pp. 41-73, especially pp. 42-46. 
2“The Rapid Fitting of a Certain Class of Empirical Formulae by the 
Method of Least Squares.” Univ. of California Pub. in Math. Vol. 2, 
No. 4, pp. 55-66, March 1927. 

aA Rapid Method for Calculating the Least Squares Solution of a 
Polynomial of any Degree.” University of California Publications in 
Mathematics. Vol. 2, No. 5, pp. 67-118, March 1927. 

“Formulas for the Fitting of Polynomials to Data by the method of 
Least Squares.” Annals of Mathematics, Second Series, Vol. 31, No. 1,- 
Jan. 1930, pp. 52-78. 
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(2) To develop by Gram’s method a set of functions 
analogous to the Hermite polynomials, by means of which curves 
of the second to the eighth degree can be fitted to data under the 
same conditions as in (1). 

(3) To study the properties of these functions, finding a 
generating function, a recurrence formula, a second order differ- 
ence equation, and giving other methods for deriving them. 

(4) To apply the functions in finding a curve to fit given 
data. 

(5) To furnish tables to facilitate rapid calculation of the 
coefficients of the required equation. 


II. Development By Ordinary Method of Least Squares 
Suppose we have given data in which the variates, x , are 
equally spaced, the observations being weighted with the binomial 
coefficients, having the origin at the mean. Thus, let the given 
data be 


BX p ~-p+l *-p+2-° - 


¥-p Y¥-pt!l Y-pt2 °° VI YY) 


Lip C pel Rae * « Gy Col, 


where X tog *%; is constant, 
Gpjl 1°71, As 


(px) (p-xe 2 
Since the x differences are constant, it is possible, without 
the loss of generality, to replace the x's by their corresponding 
subscripts. It is evident that the problem as set forth deals with 


and CLs 


5“Polynomial Approximation by the Method of Least Squares.” 
Annals of Mathematics. 
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data having an odd number of classmarks. If there should be 
an even number, the data can be modified by leaving out one of 
the end variates, or by adding an item by extrapolation. It is 
also possible to transform these functions by moving the origin 
to the extreme left, thus having x vary fromoto 7 . If this 
is done, the functions in part 3 of this paper will reduce to those 
generated by equation (18) in Gram’s article. 

It is required to find the coefficients @, 4 in the equation 


(1) y=y'G,-[2, 5+ an 1* + @, 2X4. oe ae On n®™IC, 


such that 
p  . ‘ - 
= Culy-y? -& CL - en 0-21 %-ene* > + la alt ] 


shall be a minimum. 


In this section, the ordinary method of least squares is used, 
leading to the n+J/ equations 


* Qn g™tAy, 2772 +A, 44+ 
* 
M™M, = Wa my **, 9 114 + en 5 6+ * 


M, =a 


nee * en 2 * ee mor: : 


Mz = Q, 14 +@, 3776+, 5 Met: a 


, 


> - . - ~ 


where 


: r ‘ r 
(3) M4. #2. yyx° and m.=20 Cx 


Xx=-p xe-p * 


(It is evident from the symmetry of the distribution that all 
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moments, 177,,, with r odd will be identically zero.) 

These 7+/ equations can he solved more readily by dividing 
them into two sets, one containing the coefficients of subscripts 
Qn2r > the other set containing the subscripts Qn 2re1 
Thus we get 

2,07 1S, go on J Tig + i 
= @n o 72 ei, oe + en A ™ b+ 
no se * Fn 2 ™s * fn 4 ar - 
"8, 3° “a9 7714 * Ong 7716 + 


Cy, 1s +e" * “ant et - 


= @7 176 +42, 3B t@n 5 °%M707 - 


The computation of the moments, 777, , may be accomplished 
in the following manner: 


. (2p)! 1 
%  (pr2z)!(p-x)! 27° 


general term in the expansion of ($ +4 )*? 


Curl. (Zp)! l (prea) l(p-x)! Zp Q-# 
Cy (peel) Mp-x-1)! 2 (2p)/ prxel 


(5) is the 


(6) . Cy Corurl)=(p-x)C,. 


x 


Multiplying each side of (6) by (x +L) * and summing from 





208 CURVE APPROXIMATION 


Z%2=-D to x=p—p , we get 
2p 


k P 
* Sine (p+xtl)x+l) = (p-x)(x%+1)*C, 


2 2 kel P k pP k 
2 Cees M4 +) +e Cuel (+l) “2 P(x<+l) Og A IE 


£ kK fk) kel fk) k-2 
Bee (MEa (Jee t+ | 


Eleee(Jeye* (Sento). 


By virtue of (3), this hecomes 
kK k 
7g * Meat = PL 7% (rng 1 +() mya + oS 


k k 
- [0 (tlm (S) 4.1 - x 


Combining the terms in 77, , and recalling that all odd 
moments are identically zero, we reduce equation (7) to 


2 Ce mele An ohne 


By means of this recurrence relationship, the moments are 
found to be 
mf 
p 


= 2 


sp) Da 
"4 Ee 


/50 rr, 
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eto” , 1052”, 6302, P_ 
6 /6 A A kz 


94529) L775 pY , 2205p , 255 pp, 


i. 
"32 8 S A Zz 


(6) (5) «a 
‘iis 10395 p m 51975 ~p A 65835 po “A 2640 p” 
ke 64 32 16 


(2) 
‘ 10£3 p 3 
oy k 


195135 pp” 945945 po 945945 p 
4 128 * 64 16 


(3) (2) 
” 197193 p af a 


7 


o &. 
az 


where 9". p(p-L1)(p-2)----(p-nel). 


When expanded, the values are 
m,= 1 
2 
“= 2 


P(Fp-L) 
— = 


PL p*-15p+4) 
eo = 
pUl05 p?- 210 p*+147p -34) 
/6 


mm LG45p* 3150 p74 4095 p*- 2370p +496) 
10 32 
wm «§ LOIS p*7- 51975 2% + 107415 p*- 111705 p* 
aaa aia ania again ies nie niannriaie 
64 


Tig= 


, 26958 p - 11056) 
64 





OTS © 
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mm, - RULIFLIS p°- AIGAS p* + LAFEISp*- 4579575 p3 
ia” 728 


, H14110 p*-1911000 p + 349504) 
/28 


Knowing the moments, it is now possible, by explicit cal- 
culation, to find the coefficients, a in (1) for special cases. 
Case I. Linear 


nt? 


¥*(Qz6 + a, 1x) Cy. 


(4) and (4a) both reduce to single equations 


Mo = 77 240» My = 772 @y 15 
(9) (a) (b) 
M 
%s* 4. a, 177A,/;, 
° z 
where A,= > 


Case II. Quadratic. 
¥=(22 5+ 2g 4X Pigett” ty- 
This leads to the two sets of equations, 


i, * 7719 22 9 + 7712 22 2, 


(a) 


Mz = 2825+ 74 “22° 
and 
(b) = 7, 2,4. 


(Notice that one set of equations in each case is identical 
with a set in the preceding case. Therefore, only one of the two 
sets needs to be solved.) 
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_ RAL55155 p°- 9AIGAS p? 4 LBITEISp*- AS79575) 
128 


M4 


, 814110 p*-1911000 p + 349504) 
128 


Knowing the moments, it is now possible, by explicit cal- 
culation, to find the coefficients, a eg * in (1) for special cases. 
Case I. Linear . 
¥*(2z6 + a, 1%) Ce. 


(4) and (4a) both reduce to single equations 


Mp = 779 219: My = 777g, 3, 


(9) (a) (b) 

"sr * off, , a, 7°Ay M; » 
, z 
where A,= 3° 
Case II. Quadratic. 
¥=(22 5+ 224% (Giggity : 
This leads to the two sets of equations, 
Mo = 7% 2z 9 + 722 2) 
(a) 


Mz = 772225 + 4222, 


(b) y= 7 22 4 - 


(Notice that one set of equations in each case is identical 
with a set in the preceding case. Therefore, only one of the two 
sets needs to be solved.) 
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6 /6 A A é 

















; 94509) LT py , 2205 pp | 2550 me 


_P_ 
32 8 S A Zz 


10395 9p 51975 po 6583 (4) (3) 
le ane + 2490) p', £7077 2", 2640 p 
1023 p (2) p 
— = +f- 
LI5LZ5 0 = 9ATIAT p@ 94I9AT pO 
4 128 ° 64 16 " 


(3x) (2) 
ee . 2022 


(4) 
"> T5075 p 


+i. 
Zz 





where 0 p/p-L)(p-2)----(p-n+l). 


When expanded, the values are 


7, = 1 





_2 
“— s 


P(Fp- 1) 
m= ——— 


PIL p*- li p+4) 
71g a 
PUl05 p7- 210 p*+147p -34) 
a — 
mye L940" 5150p? + 4095 p*. 2770 p + 496) 
40 52 
wm « LLOFIS p?- F1975 27 + 1O7ALI p*- 111705 p* 
20 
64 


7ig= 


, 76958 p - 11056) 
64 
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42° BoM, + DM, + €,m,, 


Q,4°%M+ E,™, + Fg fy, 


A, = (153 p%25p+6) 

4 kd, 
-10(p-1) 

ae ile! 


ch 
C= fe | 
dg-(<p-1N2 p-3). 


p- 244 p* 39p+17) 
“4 Sf 
rr 


_  B(3p-2) 
fea 


2, =3p(p-Li2p-lNkp-V. 


2 3 4 Fy 
F mi 
+g gt + Oy, 4d, oe Po 
As in the previous case, we have at once 


=a 
_ 4a’ 
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and 


M)= 171225, + 17,25 +g Oy ys 


M,= Wg dg y+ Mots sz - Mg 2s 5 


M,= 7162s 4 + 1773 Zs 5 + 777, 255+ 
from which 


(13) ay y- BM, +D, +E, M,, 


Ag52OeM +E +P M,, 


where 


_ (525 p* 2100p nati /480p +276). 


B _ “(2021 p?- < to. 12). 
~ 


4U5p*% 25p0' 6) 
C5 = a . 


Ss 
p, - 22(2*-27p +16 ) 
5 
-B0 (0-1) 
&; - Ries ? 
5 
ani... 
¢ 5 ’ 
A= Fpl p-lp-2Ne p-1Nép-3). 
Case VI. Sextic. 


2 3 4 5: 6 
Y= (Ag+ Ag 1% +Ag2x "ss * *%e* +g s* “| ot Me,,. 


As before, we have 


Qn47 254+ 


263° 253° 


H. E. H. GREENLEAF 


From the equations 


M= My Ag 4 + 17712 Ae 2 +1742 g + 742 6» 
M= Wat 4+ 7, 2, 2 + 75% a + 71g 6» 


77 2g g + 7g2%e 2 + 713% 4 + 719% o 


M,= 771g.% og + M71g@e 2 + 19 264 * 712% 6, 
we obtain 


Og 5 AGG + 95 15/4, tO, 
(14) a, ZAM + EM, + FM, +6G,/%,, 
0 254+ Foy + Hy Mly + Ig My, 
Fs 6-YM, + GM + 1,M, +4 Mo, 
where 


4, - 2003 P* /40p*+ 147 p - 30) 
_ = 
o 


i 7(15 p*- 48+28) 
6 o_o 


/4( 3 p- 
Cy = pT! 


A 
oe 


d,= 32p-1N2p-3Nep-5). 


ge. 2346) p* 18270071 33M Ip*- 2797 0p - 7216) 
rn < 
f= -20G7L p* 661p*+ 646 p- 304) 

eo” ee 
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_ 8(45p*. 1052+ 46) 
6 a 
6 


40(5i p* 1477p +110) 
2 


J BO(3p-4) 


2 


Lo F 
“eo 


a, = 45 p/p-lp-2Ne p-1N2p-3N 2-5). 


Tables for all the coefficients, 4,, 4,, 3, °° -t9 4, 
to ten significant figures for p from 1 to 20 will be found at 
the end of this paper. 

Special attention is directed to the last coefficient in each case, 
App. as reference will be made to it later. It is desirable to 
be able to compute this coefficient without having to solve a set 
of equations. 


Let Pn) tepresent the determinant 
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for 77 an even integar, and 


77? 77 777, 


n+l 7143 745 
for 77 odd. Ly definition 


Pr2)= Py-1)= Fy) = 4. 


Let (7, 7) denote the same determinants, the last column 


heing replaced by M7, MM, Pate * * i, or by 


M,, Pty, Mg --: M,, according to whether 77 is even or odd. 
Similarly, Pon, x) Will represent the original determinants, the 
last column being replaced by L, 2®% 24... - . - x” or by 
x, x : x? x7? for 97 even or odd respectively. 
It is clear from the normal equations in case 7, that 

7% M2 +--+ - Mi, 


772 Wy . - . e - . My, 


r'r+2 


for n even. 
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Thus, for r=4 


we have, Oy a= 


The case with which the determinants, 7,, ), can be eval- 
uated is not atonce evident. it will be shown later that 


nl(2p) ih 


ye ee me (See (47) 


(18) where (2p) = (22N2p-1NZp-2)----(ep-nel) 


Starting with P,=/  , we have 


) 
2! (2p) 
Fa) * 222 ‘fs 


4) (2) 
p,.- Allee), 22a) _ Alle) ep) 
4)" — 224 222 2 2244) 
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oO (4) (2) 
6/A/ 2/ (20) 12) (2,0) 


i) = Zz tlortr2) 


( 


a 2 
Similarly, since 7, , = = ) 


_ wt ep) 2p) 
(3) 22a!) 


It is clear that for 7 even, or odd, 


-2) -4) 
nin-L)'(n-A) tiated 


(19) 2 — 
(19) “7, 2207+ eB OMe... «) 


each series ending with ~-/~= O or 1, for 77 even, or odd. 

With the recurrence formula (17) or the general formula 
(19) it is a simple matter to evaluate 7) a list of which 
foliows : 


P 


voy +, 


p? 
Pu)® Z’ 


_ ptép-L) 
(2)~ _- 

_ 3 p*lo-LHZp-1) 
(3) /6 


D- 3p%p-1)(2p-L) (20-3) 
(4) 32 ; 
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4p lel) (p-2Nep-1)“lép-3) 


p,. Lo a-1)*l0-2eo-1) "(2 p-3) lep-5) 
—_—  —<— - 


p,. 4175 22-1) 0-2) to Neo Wea ep 5) 
(2) / 6 3 B34 


A2Z,525p Up-1)Up-2) (p-3)(2p-1)* 


Passe 
(@) 32768 


(20-3) 7(2p-5)* (2p-7) 
L708 


IW. Development by Gram’s Method. 
let the variates, 2%, . the observations, y, . and the weights, 
Cy . be given as before. We assume thet there exists a set of 
functions 


D, (x) B(x), G,le)---- gfx) 
of degrees 0, 1, 2 . respectively, each of the form 
(21) D,. (2) = b, + bx + b,x* + i A 7 


and such that 


Pp 
EC, Y,,, () D,, (2) =O for 
(22) 


“ { a 
(EC, \9.«)|*- 5,40 
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the value of S es to be determined later. 
We wish to approximate by means of these functions a 
function of x , 


(23) y =yG =| a, $x) +4, $()+0,B,0e)+---- +a, Ba )|C, 


\. hich will be the equation of a curve fitting the given data. 
Multiplying each side of (23) by gp (x) and summing 
from x#=-p to +0 — applying (22),—we have 


~ p 2 
(24) Dy, Q(x) = ae C18.) =@,5,,. 
-— ° 


Substitute in the left member of (24) the value of Q(x) 
in (21) and we have 


~P ~— © 2 
2 Yigt 0% yx + BL yyx ey 6 4 
which, by (3), becomes 


é - b,/4,+ BM, + b,/, + : 


r Ss, 


(25) 


This value of @,, is identical witha, found by the first 


, 
method as may be shown in the following manner: 


let | 2 
(26) Jez Cly-2, D, (x)- 2, B, (x)-- ‘a --a DN, 


which is to be minimized,where y) Cy =y, . 
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Taking the partial derivative of J with respect to Q,, we have 


Pp 
, -2EC GCN ys. 2, Z, (x) -2 DB, a - 2,0 a) 0 


which reduces, by (22), to 


po p i‘ 
2) Ly'CG )-2,26,85(2)-0, 


or, S.2 = y, B,C) as in (24) 


We are, therefore, able to write the values of 2 in (25) 
r 


by comparing the coefficients of the moments, /7;, in (25) with 
those ina, ,, in equations (9) to (14), or in (16). 
Thus, for r= 4, we have 


Ogg GIG t ELE +E MY, 
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p 
2 
Now the value of oO = Cy {¢. (x)| can be 
found by comparing the coefficients of C, x ‘in the expansions 


given by the two different methods. In case IV, we have 
y=(- - - - - . (+ Qe dC, 


=(F Mx" EM X4O Mx % terms of lower degree in xJC, ‘ 


so the desired coefficient is fi. 
By (23), we have 


¥= gb, (2)C, +4, 9, (@)C, + ig. Ore eee 


But by (28) 4,=5,%, and the desired coefficient is 


Equating these coefficients, we have 


a 
5, Fi, =F, 


(30) Sys * 


Therefore, S,. is equal to the reciprocal of the coefficient 
of M,in Cpr: But examination of (16) shows that this 
coefficient is 7-2) . 
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P 
(31) 2 ae See 
P (r-2) 
The cocfficient of x * in Dp. (z) can now be féund by 
itis ie . Ptr) 
wultiplying the coefficient of AZ, in a by = 


re P a 

3 ee a 

Iideed, it is possible to express PD. (<Jas the quotient of two 
ah . ‘ rn ; a Zz . wii . . . a 

determinants. Th: coctficient of 2° in 7, yz) will be ideutical 


with that of (7; in P . We may, therefore, write 
d (rth) ; 


(32) 6 tade ie) Seed» Read, . 
(r) “(r-2)) Poppy 
Procecdmg in this manner, we obtain 
D, (x)= 1, 
D(x) =X, 


2 Pf 
P(x) =x a ? 
P(x) = x* 36-2 x, 
wie 
@, (x)= ax“. (3 p-2)x% eg! 


59% 
(33) $, (x= x7- 5(p-L)a7 cs. apse ts 


_o gf Sp-4) 4, 45* 1095p +40 2 (Fm ite) 
pide? 32g S it AE gees, : 


. 23 196 
Att ax" 7 epi nt, S000” Mee 3 


: (03 2". 4200" +441 - 9), 


é3 
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2 
$4) = x © 14(p-2)x% te fiat te, « 


L052 7. 525 p*+ 742 p-264 ult 
ee 


* i? P( P-L p-2Np-3) 

The coefficient, a; , of A; (z) is given below. In addition 
tu the values obtained from (9) to (14), @, and a@g have been 
added. The valuesof A,, B,,:- - - ‘4, are given in 
the tables at the end of this paper. 

y= M, , 


a,=AM,, 


/ / 


a,~ CM, + EM, + FM, . 
4 ~ DMM +G,Ma + Let Me, 
4,> 2M +G,M, +1,M, 74, /%,, 


y= Aft, BM, + & 14 +4 4%, 
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h 
vt p< 80503-4202 441-90) 


7 a, 


16 (1057-3150 + 196) 
G,= — 






_ 224 (3p-5) 
l, = a; 






64 
J,= a> 
d,= 31S p(p-IN p-2N p-IN2 p-lN2 p-3NZ p-5), 
i tae eerie iiss 

8 3(2p-1)2 p-3)(2p-5 (2 p-7) 


-/6(1/05 p3- 525 7% +742 p - 264) 
Zs 


and 


By = 


C, = ZC p*- F5p+ 44), 
EE — 


-448(p-2) 
D,= — 






ne 
i ‘dg’ 


= WI p(p-tNo-2£Np-3N2 p-| Ne p-3N2 p-INep-T), 


It was bo above how the coefficients of x‘ in p,. (~) 
could be found from those of 7; in a, p: It is evident from 
that, that with D. (x) known, the value of @, can be immediately 
determined by changing x* to ‘7; and multiplying the result by 


Fn = Seal It will be shown later that these J ’s can 
be determined independent of the determinants previously used, 
and more easily. @,and a, were determined from g, (%) and. 
o, (x), capuaelty, and in checked by means of (16 ). 
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IV. PROPERTIES OF THE g FUNCTION. 

The similarity between the @ functions just derived and the 
Hermite polynomials, of which these may be said to be the analog, 
is evident, and leads one to expect that there must be a generating 
function analogous e ~ ~ V2 by means of which all of the Q's 
can be found. Also, one would naturally expect to find a recur- 
rence formula and a second order difference equation analogous 
to the relationships existing between the Hermite polynomials. 

This proves to be true. We have, in fact, 


77 
(353) C6, cxl=(-$) ac, (ptx) o~ where 


(pen) 1. (psx pex- Dlp+rrx-2).++-(pre-n+t), 


Expand the right member of (35) and divide both sides by 
g. zy » and we obtain 


GZ, Ce)= -#) "[(o-x) OO” nip-x)™ 41 pox) 
(36) 
A study of the expression in the bracket brings out the fol- 
lowing facts: 
(37) The coefficient of x” is (-2)” , for-it is seen to he 


equal to 


D(a MHZ) 1) (2)c- O° Tis... 


(-4) 14)” =(-1) Wo Tee (Ge (a) -b1)"2” 


(38). If 77 is even, only even powers of x appear in the 
expanded form of the bracket; for 77 odd, only odd powers of 
x will occur. 


(77- Vorat™ oft)” ‘to xX orx), “te 4) to +x) al 
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Consider the coefficients of x 7-/, x 7-7, x7, ete. With 
1 even, the terms of odd degree in x in (, p-x)OV will be nega- 
tive, and cancel the corresponding terms in the last parenthesis, 
(pex)(™ | If 7 is odd, the factor (- sy” causes the corre- 
sponding terms of even degree in the same two expansions to have 
opposite signs, and, therefore, to vanish. Similar reasoning holds 
for every pair of products in the bracket which have the equal 
coefficients, ( ao a If 7 is odd, this will include every 
term. If 7 is even, the middle term will be 


(0-x) i saa (p-xNp+xK P-x- Wp+x LX, P -x-2Xj (p+x-2) “ 


the odd powers of x having zero coefficients. 
Therefore, either all terms are of even, or all are of odd 
degree. 


It is necessary first to prove that the relations (22) hold; 
that is, 




















ye) 
(a) ECy Dp (X) Q,, (x)= O, for m#7n. 





p (rn) 
2 Sle 
() 2 6[8,,@))*- 5, - —e ; 


To prove the first relationship, we may proceed as follows: 


Let 
p rl 
Z cy Dn (2)G,, (2) = EG, 40), @, (x) 
(39) 
. pel 
=A"[6,, 0) -C,8,00)| 


where we may assume without loss of generality that 77> #7, 
for if it is not, Z,, (a) and D(x) can be interchanged. Using 
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the formula for finite integration, 


-/ -/ 3 -4 
Auy=uAvy -Au, ax wla LA Yngg “At, A Yost 


xr] 


we have 


AG, 00)-C, 4, ta) = 9 CACO e)-Ab_ WAT, G, Cel) 


At / 


+0°G,, COC, 00, (ert). LAO, ("Cb team) 


(40) ti 
$(1)"""A a77 


Z,, tC a” go, (xemel)+ 


Ri 


between the limits -p and p+l . 


Now AC, (e)2 A [C-$)"A"G (psx) J, (by 35) 
n ne- 


=(-f A C (p+x)™ 


=(-$)'c, [co-v) x) Beat we No-n) . ‘end 


: (7-3) (3) 1 ) 
+(”, jo. (p+x) ----(-1)” (pen) 


(-s)e, Cara dF {(p-x) Cprx-l) 3 


il cen a 
“($)" 2*®P (pez)! (p-x)4 (pee) t {(p2lore i] 
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For the lower limit, -~ , the factor +x =O , and for 
icin ills ile nie 
WSOC (pt)! Cl) = 


= 


prt 
ACG =O 


Similarly, each of the one terms up to and including 

y7- 1 ; 

the term 4 " aA” Se o (xt m7) becomes 

identically zero because of the factor O+2 or C. for the lower 
and upper limits, respectively. 


1 
Since D(x) is of the 777-thdegree in x, a g, (cJand 


all higher differences are identically zero. 


~ 
(41). & Co, (2) Z, (2) =0, for men. 


If 7=77 , the first 77 terms vanish as in the preceding 
case. The (7+/)th term is the only term left in the series. 


1 77,77 ‘ -m-1 bh ’ 
(42) ECG, () by le) = (-1)"A"G, (0). Elem 


he, 
Cums 


=(-1) mld ¢_ (c+), 


- Wie 


A Z, (x+m)= wil "4 (-g JAC Cy (are) 


Coes 


1)" -2 (2p! (pexem)(™ 
= (-3 < 2*P (prxem)(p-xe-m)/ 
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(43) 
_ 1)"p)! td | 
2tpem (e+x)! (p-x-~m)/ 


It is now necessary to find a function, uy, such that 


Au = seiatella ei aes ‘ 

% (ptx)I(p-x-m)! 
Since A = (E-J) , we may write 
eT ee , 
(PtXx)i(p-x-m)! 


dZ oul. » 4 
“1-E (ptxt)I(p-x-m)] 


= (2-1) > = 


1 


2 37 
--[s+a-e tBe | ” (pt2)I(p-x-m))- 


=u, 


-2 -p 


(44) A 


1 | pred | pel 


(Ptx)!I(p-x-m)! 


J 1 37 
“(pr2)i(p-x2-m)! (p4+x2+1)1( p-x-m- 4 wuln (p-x-m-2) 


between the limits -9 and p+. “Substitution of the 
upper limit, o+/ , makes every term zero, because (p-% -777-A)!/« 00, 


For x=-p __, the right member becomes _ 


saat + jillian + caiemnsilidiaaeicaies + 
Oll2p-m)!" L(2p-m-1)!_  2l(ap-m-2)! 


‘ 1 voi sisal aii 
(2p-m-1)1 |2p-m-(2p-m-1)]! (Zp-m)!/0f 


all succeeding terms being zero because of the second factor. 


_ wt i 
_ (P4txX)I(p-x-m)! 
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"eon aa (4 } (“2 pe fees , spe ) 


2*0a-m 


oe * Sa 


Returning to (43) and then to (42), we have 


_ -, Cie 2°"-~ 
(46) E¢,|9,, Ce" =(-4) mi. —apem (2p-m)} 


_mi(eoy” =5,,, by (22), 
2em7 


P 
[ay (31), 3,,= sary 
' 777-2 


; m/(2p) - | 
(47) 4 a: on See (17). 
Therefore, C4, Ge)=(- # N'A = ( geal satisfies both 


conditions of (22). 


Recurrence Formula. 
It is necessary to note that 
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(n) (a) 
i) (ep)I{__(ptx+1) - (ere) 
AC (atx) = 22P a ea (pre)! p-x): 


(77-L) \ 
=C, (pte) (orest Np) (p+ rx-nei)| 


(7-1) 
=C (pre) - (-2x+77-1) 


AC prey AA TAG, (p12) 


= A"\c, tinal hte +7 )| 


= (-2x+n)A x teens” ”, phen” = (pouet) (n) 


Ibut Cp (oenet OY . +A)cy (peng 


var 


MC pn (2x00) AC lou” 

-2n AC, (pix) 2nd” Cipr2 
se 2xA'C, (osay™ na = [4c (pox) | -2n4 "Lad 
=-2xd + toval "al ee (oot Tame n-1) 

-7d “= (o+x) a 2n+2) 


= 22 VC Cy (pre)! MS lmat- na” y (Pte /) aatniedl 


Now od : (pex)' "2 (-2)"C, Z, (x), 
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t-4 
(2) CD =~ 2x (-2)CH 2)- lopol nN-2)C 4, , Ce), 


74/ 
or 
(49) 49) a)-42h, (e+ nléprl-n)O, fe) =O. 


Difference Equation. 
To simplify the reductions later in this development, it is 
desirable to have the following identities :-— 


(a) AG,=C ss h-¢, 


x | Dexe/ ptx+s 


4x*+824+2-2£p 
~ BO°G (0+2+2)(pr+xur+l) 


(50) ; 
(c) C2 on 


——————— ? 
xt x prxerl 


-£x-3 p-& -R2x-3 
(d) ACn1* Cysl Prute %per+/ Prur’ : 


(e) C ™ (p-x) (~p-x-L) : 
atk % (prexr+2)pr+rrl) 


Let “y= Crcacar™, 


je y 7 
Aa, = AC, (pte) io (-Z) CLF, (x) 


bn +e tecntd, (by 48) 
and, multiplying both sides by (p+zx- 7+) , we get 
(p+x-n+l) Au, =(-£x+n-1)u,. 
Difference this equation 77+/ times, having 


a 4 
(ere-74+1)4 aa u,+(rmllA” ‘fig! 
(51) 


+/ 


=(-2x+n-1)4" u,-2(n+l)A Lees 
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or, since u, = (1+A4)~ u, , we have 


(52) (p+2x- 7+L1)4” “Ay +(74#L)A ae (mA, 


=(-2Zx+n-l)S ml -2(nt1a” 4, -£(n+IA "L, : 


Combining like differences, we get 


2 
(pextZ) Du + (Rerdnet a” “+ 20m”? il, =O. 
(53) (porxr2)A*(-2) CO, Ce) +(2ar2ne4)AC2)CG le) 


+2 74l)(-2) ee g, (1)<O. 


This may be simplified by making the following reductions: 


L°C,0,, te) = b,, (x) BC, + 2D, (2) AC, 4G, (0) C,,, 


= 4x *+8x+k-ip 2 (p-x)-2x-3) 
Pr —  Gponediipened) Ag, 4G, (pixr2 )(przel) 


(p-x)(p-x-1) 
+4 %, A)-6, “slp pxe2) reel) 


ICG, t2)= 9 (2): 16, +49, (#)-C,, 1 


~2x-1 
= 3b (2)-C, Sexe] *4G, (x): $57" 
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Substituting these values in (53), noticing that C. is a 


common factor, and that can be made a factor by 


multiplying the last term by 
(54) 


(2-4 p-x-1)L “, (0)+ EZ -“)(-2x-3)e(p-xNaxrkn A}A Pix) 


[4x tBae2-2e+(2esirrd-2x-l)o2(neiNprxrt)| b(xd= O, 


The coefficient of B(x) reduces to 277(p-x) and that of 
Ag (2) to (p-x)(2,,-2-2x) . Dividing by (p-x), 
we obtain the desired second order difference equation 


(55) (p-x -1)4*6, (+R (r7-1-x)A  (x)4+2 nG,, (z)- 0. 


V. Orner Metuops oF DeriIvinc THESE FUNCTIONS,— 
3rp. METHOD. 
Equations (2) were divided into two groups, (4) and (4a), 
from which these functions were developed. It would be expected 


that the functions could be derived from (2). This is easily seen 
to be true. 


Let On ) be the determinant formed by the coefficients of 


. in (2). 


nt 


(56) Let @, = 
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for 77>O In the special case 7=- 7, we will define G.4)* o« 


‘Then g (z) is easily seen to be 


(90) P,, (x) Cone), 
P(7-1,) 


explicitly, we will have 


4 


? 
B (x)= (0, x) =f 
?(-1) 


Vg 
0, Gn) Sha , L 
Po) 


mot 
°o 


O WM xz 
m™, Ox 
(4) 
é % O 


oO ™, 
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2 2 


Gi 2 
171 (777, 71, 775) 


and so on. 
The coefficients of the Ds can be found from the formula 


Org 1) 
(58) a= 42%, 
: Cu) 


where Q 5) is iy the last column being replaced with 4Z 


M,, Ms, °° > M, . Thus, we have 
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m QO wm, '%, 
Om A ™, 


M(mim,-m, rgi)+ M, m,(m, 7, - mz 


3S 

3 

9 
O's 8 


4 / 
ad, = = 
> , O m, 174112 (7.,17- Mm; 2)4 nie (mm, ™, 2, - 73) 
Q m, a "7 
m, O m, O 
O 1, O m, 
-1 
. &i¢ m+ «21s 


- 
= 


Z, a 


“BGG, 


This method becomes more difficult than the first because of 
the higher order determinants, and is, therefore, of less value in 
deriving the functions. 

A fourth method of developing these polynomials is to build 
up a set of orthogonal functions in the following manner :' 

‘This method is given in a thesis by Harry R. Mathias, entitled “Prop- 
erties of Orthogonal and Biorthogonal Functions from the Standpoint of 
Integral Equations,” written at Indiana University August, 1925. He cites 
as his reference E. Goursat—“Recherches sur les equations intégrales 


linéaires,” Ann. de la Fac. De Toulouse, t. 10, 2nd series, 1908, pp. 5-98, 
especially page 66. 














H. E. H. GREENLEAF 241 


Assume a set of functions 
£(a)=L, F(x)=x, Eo Cat)ex? ¥, (4) = x3 te (ada 


It is required to find a set of functions, J; (x) , such that 
2 
ZL CLG, 2G, (4) =O, for m4nr. 
-P 


let Zo (xJ=#, (x)= 2. 
We may then form the equations 
2 
z cf f,(%)-a,% ow] f,(%) =O , obtaining 
-P 


? 
aC, le -2; t|1-0, 
? 
ie Cy 2. a, 11-0, 
“Pp 


(59) 
-P | —s | : 


Pp 
4 

Be [ an ira 

the solutions of which are 


py P(3 p-1). 
2,-°9 @,= 74 = 5» 4,=O, 2g" 7774= oF 











CURVE APPROXIMATION 


Let Oa)=%-@,1=x- P(x), 
2. ie 
O, (x) = x - Zz’ 


O, (x) = x y 












P(3p-1) 
aja u*- = 


Form a set of equations, similar to (59), using the O's 


p 
EC, (e* F- b,x)x =O, 


p 
3 i 
EC (% ~ b,x)x= 0, 


2 p(3p-1)_ , , , 
ZC A ~ b,x )x =O. 


From these equations, we get 


3p-l 
5-0, 6==5 4-0. 






Pp 
Let YU, (at) = (x2. § d=, (x), 


3 3p-l, 
Wy (x)= (x - net 2, 
3p-1) 
Yi cde tote. ELL) 


Similarly, the equations 


3 3p-1 2°? “4,25 
Eco aa al C02 B)\ tx - 5)=9, 





4 p3p-1) 2p i Bice 
rob 7g a te Sala Fd, 
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lead to the values 
C,=9, C,-(Jp-2). 


C, is easily seen to equal O , as the term independent of 
C, isk {c, multiplied by an odd function inx . Expanding 
the second equation, we get 


Pp z2 ‘2 pPl3p-1 
C,|E 64% 2 |= Cle aGiet) (ce S), 


fet DA. at lt 2130-1) 


z* 
alo F 


2 
caienitin. “ 2 3p-1) 7771 
799-5 71g - 4 


Sxl 


pe 
7, - P72 + 4a 7775 


and substituting the values of the moments, we reduce Cz 
to the value above, C= (4p-2) 


Let A(x) = 27 my = 9, (2), 


A, @) = x*- s ? ~ (3p-2)(x* f) 


= x (3p-2)x*4 ities) 


This method may he continued to obtain as many of the g's 
as desired. It is to be noted that A \, 2) is 5 (x). However, 


the proof of this would necessitate adding another function, 


F, Gi) =x ? , at the beginning, and carrying out the process with 
another equation in each set. 
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Method 5. 


Gram’s equation, number 18, is 





QD (t)= 00 in. pr ted Teal ™ 2 te 


This gives ’s for the origin at the left end of the distribu- 
tion, the variates running from Oto 7. Let this equation be 
transformed as. follows: 


Let 7) = 77, 


x=x'+p , the primes being dropped, 





n=ip 


77 - (7-2) @) 
‘e g, (x)= (2p) ep” "2p. +2 Nep-2) - Zor) 












If the values of 7=O,1,2,------ > be substituted, 
we will have Z (2) =(-4 )” b. (x) and the required func- 
tions are found again. 













VI. Example. 
As an example to illustrate the use of this development, I 
have chosen one used by Karl Pearson,” the data of which he 
attributes to IT. N. Thiele, and are the frequencies in a game of 
“patience.” On page 295, Vol. I, Pearson states, ““Now either of 
the curves in Illustration I and II is a good example of the im- 
possibility of using the method of least squares for systematic 
curve fitting.” (The set of data below is his illustration II.) 
In volume 2, using the Method of Moments, he fits curves of 
1Gram uses the notation 7 77I-/ sastead of ined and (77), for/ ~ 
2On the Systematic Fitting of Curves to Observations and measure- 


ments. Biometrika, vol. 1, (1902), pp. 265-303; vol. (1903) pp/1-27. 


3Thiele-—Forelaesninger over Almindelig Iagttagelseslaere, Copenhagen, 
(1889) p. 12. 
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the second to the sixth degree to this data. Noting that his state- 
ment, page 18, “taking the sixth parabola as theebest fit” is correct. 
it is found that the sum of the squares of the errors is more than 
1400. His results for the skew frequency curve gives as the sum 
of the squares of the errors, 782, which indicates the second curve 
to be a more accurate fit. 

Let the given data be 


Value of Character 5 6 7 & 9 1011 12 13 14 15 16 17 18 19 
Frequency 0 0 3 7 35 101 89 93 70 46 3015 4 5 1 
sinned: 
Class Marks (x) —7-—6—5—4—3 --2—1 012345 67 
—oeeeeeeee—e—e———eooo———eeeeeeE——e—e——eeooaoaoaooaooaooooaooaoaoaoaoaoaoaoaoaoaoaoaooooee——————[——SSSSSES 


The mean of this distribution being 11.86, the origin has 
been chosen as at 12; p, therefore, is 7. 
Suppose we wish to find the curve 


ys [2G @)+a, $(x)+a,D, (x) +, 9, (x) 


+@,0,(2)+2,G,4)+a, D,4NC, 


The values of the coefficients, @; , are 


acM 


oO o° 


a= A, M,, 

a,-8,/%, +C4/t,, 

a BM » CMs, 
a,-C,M,+ EM, +FM, , 
a= CM, + EM, + FM,, 


a= DM, +GM, +1,/@, +J,M, ° 
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P 
The moments, 7. = 2 y, x! . are computed and found to be 
-P 





M, = 500, M, 


" 


/466, 





M =-70 M 
y ' A 


26, 664, 
M, = 64, 0/0, 


M, = 607 368. 










trom Table I, for ps7 . we find 


bD 
i 


0.28571 42857. C, = .(2)50200 85026, 


« 





- 0.15384 61538. = ~.(2)10656 010006, 


0.043956 04396, (4) 35520 03352, 








- 0.048840 0488-4, ~.(2)10360 010236, 









(2)48840 04884, G, = .(3)99719 21083, 









C, = .(1)13986 01399, - -.(3)11182 23340. 






= -.(2)84360 08436. J, = .(5)20311 13742, 
.(3)44400 04-440, 


Substituting in the above equations, and ‘putting o=7 in fb (x) 
Z 


we have 
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a, = 500 P, (z) = 1, 


a,=-20 D, (x) x 


@,-14.85714, Gfx) = x*35, 

a,= 10.57875, Plz) = x? /Ox, 

a,- 1.21744, G(x) 44-19% 724 31.5, 
G,= 0.395 64, g, (x) xF- 30x74 141, 5x, 


@,=0.18056, = A(x) = 2° A2.5x%379x* 393.75, 


Multiplying the corresponding values, and collecting like 
powers of x , we have 


y-Gy* (415 25836 -6980444 x +60.19802x*-1,2900405 x? 


- 6, 49636271 03996427 4O180562x°)C,. 


{I would call attention here to the fact, that if it is desired 
to have an equation of the second, third, fourth, or fifth degree, 
the above data can be used, without change, usirig only as many 
functions as the degree required. Thus for the fourth degree 
equation, we have 


y= (a, D, (2) + 2,9, (2) + 0,64) +,44)+2,8 2) )C,, 


y = (486349396 -125 78790 x -8.07420 x*+ 10 57875 x? 


+ 121744 x7) C,J 
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Substituting values of x from -7 to +7 in the above equation, 


we obtain the following results: 


yto Observed “rr 
nearest a 
Pf Rrom Table 1D | Table Wy) | ¥* fas” Lintezer | 2 J 
a 


3385714 | 714 €4)61035 1546 
258.775 .(3) 85449 219 
— 20.817 .(2)55541 992 
421.199 001922216 797 
713.454 .(1)61096 191 


701.412 0.12219 238 a, 
539.835 0.18328 857 OS.94 
415.254 0.20947 266 86.98 
398.437 0.18328 857 73.02 
426.808 ().12219 238 


417.224 C1)61096 191 
507.857 | .(1)22216 797 
1431.276 | .(2)55541 902 
5016.640 | .(3)85449 219 
14822.246 | .(4)61035 156 


NA Ww 


The sum of the squares of the errors for this curve is 562. 


as compared with more than 1400 in Pearson's first method. and 


782 for his skew frequency curve. 
The fourth degree curve. found by this method, gives 1170 
for the sum of the squares of the errors. 


*Taken as 26 so that Dy =X y, = FOC 
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TABLE I 
(Number in parenthesis indicates the number of ciphers between the 
decimal point and the first significant figure.) 


2.00000 OOOO |= 2.00000 00000 

1.66666 06067 |- 0.66666 66667 0.66666 66667 
0.66666 66667 1.60000 00000 0.40000 00000 0.26666 66667 
0.50000 00000 1.57142 85714 | - 0.28571 42857 0.14285 71429 
0.40000 00000 | 1.55555 55556 |- .(1)88888 &8889 
0.33333 33333 | 1.54545 45455 |- 0.18181 81818 |.(1)60606 06061 
0.28571 42857. © 1.53846 15385 | - 0.15384 61538 |.(1)43956 04396 
0.25000 00000 | 1.53333 33333 | - 0.13333 33333 |.(1)33333 33333 

1.52941 17647 | - 0.11704 70588 |.(1)26143 79085 
0.20000 00000 | 1.52631 57895 | - 0.10526 31579 |.(1)21052 63157 


| 


0.18181 81818 | 1.52380 95230 pretecso (9524 | .(1)17316 01732 
0.16666 66667 | 1.52173 91304 |-(1)86956 52174 | .(1)14492 75362 
0.15384 61538 | 1.52000 00000 |-(1)80000 00000 | .(1)12307 69231 
0.14285 71429 | 1.51851 85185 |-(1)74074 07407 |.(1)10582 01058 
0.13333 33333 1.51724 13793 |.(1)68965 44828 | .(2)91954 02298 
0.12500 00000 | 1.51612 90322 |-(1)64516 12903 | .(2)80645 16129 
0.11764 70588 | 1.51515 15152 |=(1)60606 06061 {.(2)71301 24778 
OVW 1111 | 1.51428 57143 |-(1)57142 85714 | .(2)63492 06349 


0.10526 31579 1.51351 35135 |-(1)54054 05405 | .(2)56899 00427 


0.10000 00000 1.51282 05128 [:(1)51282 05128 


.(2)51282 05128 


3.77777 77778 11111 

2.08888 88889 — 0.35555 55556 .(1)88888 88889 
1.46031 74602 - 0.17460 31746 .(1)31746 03175 
1.12592 59259 - 0.10370 37037 .(1)14814 81481 


0.91717 17172 —.(1)68686 86869 -(2)80808 08081 
0.77411 47741 —.(1)48840 04884 -(2)48840 04884 
0.66984 12698 —.(1)36507 93651 -(2)31746 03175 
0.59041 39434 —.(1)28322 44009 .(2)21786 49238 
0.52787 52437 = .(1)22612 08577 .(2)15594 54190 


0.47734 48773 | ~.(1)18470 41847 £2)11544 01154 
0.43566 09574 | -.(1)15371 10232 .(3)87834 87044 
0.40068 37607 = .(1)12991 45299 .(3) 68376 06838 
0.37091 30375 ~ .(1)11124 67779 .(3)54266 72093 
0.34526 54625 - .(2)96332 78599 .(3)43787 62999 


0.32293 90681 —.(2)84229 39068 -(3)35842 29391 
0.30332 73916 ~.(2)74272 13310 .(3)29708 85324 
0.28596 32742 —.(2)65981 94834 .(3)24898 84843 
0.27048 10073 —.(2)59006 37480 .(3)21073 70528 
0.25659 01934 -.(2)53081 42149 .(3)17993 70220 





CONA Welw] D 
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2.66666 66667 
2.20000 00000 
2.08571 42857 
2.03174 60317 


2.00000 00000 
1.97902 09790 
1.96410 25641 
1.95294 11765 
1.94427 24458 


1.93734 33584 
1.93167 70186 
1.92695 65217 
1.92296 29630 
1.91954 02299 


1.91657 39711 
1.91397 84946 
1.91168 83117 
1.90965 25096 
1.90783 09078 


7.77777 77778 
1.7185t 85185 
0.77777 77778 
0.44656 08466 


0.29046 01571 
0.20424 02042 
0.15152 62515 
0.11692 08424 


-(1)92970 98957 


-(1)75704 41255 
-(1)62843 75850 
-(1)53006 31735 
-(1)45312 71198 
-(1)39181 82002 


-(1)34217 03127 
-(1)30140 11078 
-(1)26751 17185 
-(1)23903 60285 
-(1)21487 88465 


| — 0.20869 


~ 0.13167 


—i 33333 33333 
— 1.33333 33333 
— 0.85714 28571 
— 0.63492 63492 


— 0.50505 05051 
— 0.41958 04196 
— 0.35897 43590 
— 0.31372 54902 
— 0.27863 77709 


— 0.25062 65664 
— 0.22774 32712 
56522 
— 0.19259 25926 
— 0.17879 94891 


— 0.16685 20578 
— 0.15640 27370 
~ 0.14718 61472 
— 0.13899 61390 


L 77777 77778 
0.20740 74074 
.(1)63492 06349 
1)27513 22751 


-(1) 14365 88103 
.(2)84360 08436 
.(2)53724 05372 
-(2)36310 82062 
.(2)25685 12785 


— .(2)18834 96620 
.(2)14220 88379 
— .(2)10999 62840 
— .(3)86826 75349 
.(3)69735 85518 


.(3)56853 29378 
-(3)46959 15512 
.(3) 39234 54904 
.(3)33115 82259 


(3) 28 206 34400 





0.66666 66667 
0.13333 33333 


-(1)57142 85714 
-(1)31746 03175 


-(1)20202 02020 
-(1)13986 01399 
-(1)10256 41025 
-(2)78431 37255 
-(2)61919 50464 


.(2)50125 31328 
.(2)41407 86749 
-(2)34782 60870 
.(2)29629 62963 
.(2)25542 78416 
.(2)22246 94105 
-(2)19550 34213 
-(2)17316 01732 
.(2) 15444 01544 


01317 | -(2) 13860 01386 


0. 44444 44444 


-(1)29629 62963 
-(2)63492 06349 


.(2)21164 02116 


.(3)89786 75645 
-(3)44400 04440 
-(3)24420 02442 
-(3)14524 32824 
-(4)91732 59947 


.(4)60757 95549 
.(4)41826 12878 
.(4)29728 72538 
-(4)21706 68837 
.(4)16217 64074 


-(4)12359 41169 
.(5)95835 01045 
.(5)75451 05584 
-(5)60210 58653 
(5) 48631 62758 





5.31555 55556 


3.15206 34920 
2.28176 36680 


1.79717 17172 
1.48530 58058 
1.26686 60968 
1.10499 84438 
0.98009 86125 


231111 11111 
0.86984 12698 
0.46490 29982 


0.29090 90909 
0.19962 25996 
0.14562 47456 
0.11098 66169 
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0.19555 55556 


-(1)46349 20635 
-(1)18059 96473 


.(2)88888 88889 
-(2)50260 85026 
-(2)31176 23118 
-(2)20666 04420 


— .(1)87421 16730 


— .(1)70654 75135 
— .(1)58297 25830 
— .(1)48925 37414 
| — .(1)41647 89943 
— .(1)35883 40140 


— .(1)31239 29587 
— .(1)27442 67469 
— .(1)24299 01253 
— .(1)21666 60247 
—.(1)19440 22295 


-(2)14402 01812 


-(2) 10436 86658 
-(3)78047 55631 
-(3)59889 86859 
-(3)46958 80252 
.(3)37500 17543 


-(3)30421 80906 
-(3)25019 32673 
-(3)20824 49142 
-(3)17517 73888 
-(3) 14875 87453 


0.88072 97705 
0.79975 28076 
0.73247 36327 
0.67567 56659 
0.62707 92809 


0.58502 29532 
0.54826 66002 
0.51586 56594 
0.48708 78486 
0.46135 66062 


(1)11851 85185 
(2)12698 41270 
(3)28218 69488 


-(4)89786 75645 
-(4)35520 03552 
-(4) 16280 01628 
-(5)82996 16142 
-(5)45866 29974 


.(5)27003 53577 
-(5)16730 45152 
-(5) 10810 44559 
.(6)72355 62791 
.(6)49900 43304 


-(6)35312 60483 
.(6)25556 00279 
-(6) 18862 76396 
-(6)14167 19683 
.(6) 10807 02835 


1.27407 40741 
0.31746 03175 
0.12768 95944 


-(1)64197 53086 
-(1)36852 03685 
-(1)23117 62312 
-(1)15458 03507 
-(1)10847 37988 


-(2)79052 85098 
-(2)59393 10287 
-(2)45755 21097 
-(2)35996 92489 
-(2)28829 97519 


-(2)23447 56961 
-(2)19326 72711 
-(2)16118 23181 
-(2)13582 79996 
-(2)11552 71331 


— .(1)19047 61905 
— .(2)56437 38977 


— .(2)22446 68911 
— .(2)10656 01066 
— .(3)56980 05698 
— .(3)33198 46457 
— .(3)20639 83488 


—.(3)13501 76788 
—.(4)92017 48332 
— .(4)64862 67356 
— .(4)47031 15814 
— .(4)34930 30313 


—.(4)26484 45363 
—.(4)20444 80223 
—.(4)16033 34937 
—.(4)12750 47715 
—.(4)10266 67694 
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Pp 
3 31.86666 66667 
4 9.86349 20646 
5 6.24338 62423 
6 4.87864 28716 
7 4.17145 81715 
8 3.75275 83528 
9 3.47631 97577 

10 3.28104 57516 

11 3.13617 37676 

12 3.02462 67843 

13 2.93620 42788 

14 2.86445 51800 
15 2.80510 85568 

16 2.75522 87178 

17 2.71273 35648 

18 2.67610 66890 

2.64421 82442 


2.61620 96162 
















p 
3 |— 0.88888 88889 
4 |-.(1)12698 41270 
5 |—.(2)42328 04233 
6 |—.(2)19240 01924 
7 |—.(2)10360 01036 
8 |- .(3)62160 06216 
9 |—.(3)40221 21669 
10 |- .(3)27519 77984 
11 |—.(3)19656 98560 
12 |—.(3)14529 07631 
13 |— .(3) 11042 09800 
14. |— .(4) 85882 98444 
15 ,|—.(4)68114 09110 
16 |— .(4)54930 71863 
17 |—.(4) 44943 31524 







SS ee 


— 2.95555 55556 
— 1.68888 88889 
— 1.20740 74074 


— 0.94276 09428 
— 0.77415 17742 
— 0.65703 18570 
0.57083 96179 
— 0.50471 27623 


0.45235 63811 
0.40986 52428 
0.37468 59903 
0.34507 78315 
0.31981 26863 


0.29799 91485 
0.27897 43935 
0.26223 52558 
0.24739 28474 
0.23414 18341 






















10.85234 56791 
28.89171 07594 
1.42790 35865 


0.86407 78152 
0.58217 60133 
0.41986 26065 
0.31750 86255 
0.24868 72810 


0.20013 83997 
0.16458 67560 
0.13776 06312 
0.11701 40143 
0.10063 52146 


«(1)87476 39340 
-(1)76744 10943 









-(1)60462 05713 
.(1)54201 64924 








































.(1)67875 46964 







1.24444 44444 
0.31111 11111 
0.14814 81481 


-(1)87542 08754 
-(1)58016 05802 
-(1)41336 44134 
.(1)30970 33685 
-(1)24079 80736 


.(1)19263 84589 
(1) 15764 04780 
-(1)13140 09662 
-(1)11121 84648 
.(2)95359 72754 


.(2)82670 73153 
(2)72358 73754 
-(2)63864 45096 
.(2)56784 05678 
-(2)50820 05082 



























3.56943 20985 
5.51675 48502 
0.19461 49324 


-(1)91881 78077 
.(1)50816 67304 
-(1)31099 76443 
— .(1)20431 95246 
— .(1)14149 24384 


— .(1)10205 88045 
-(2)76047 24004 
— .(2)58190 22630 
.(2)45522 17628 
-(2)36284 76722 


-(2)29389 67830 
-(2)24138 37900 
-(2)20068 35826 
-(2) 16865 01032 
-(2)14309 22600 














| 
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0.26864 19754 1.26419 75310 — .(1)98765 43210 
0.24409 17107 1.19223 98589 — .(1)56437 38977 
.(2)60764 25632 .(1)30570 25279 — .(2)10346 85479 


.(2)22147 39993 .(1) 11372 98915 — .(3)29928 91882 
.(3)99719 21083 .(2)51964 49041 — .(3)11182 23340 
.(3)51454 71812 -(2)27108 69377 — .(4) 49333 38267 
-(3)29218 90503 .(2)15524 53840 — .(4)24473 22709 
.(3)17816 50932 .(3)95299 97834 — .(4)13250 26436 


-(3)11479 15011 .(3)61737 49551 —.(5)76774 75857 
(4)77282 94532 .(3)41752 74961 — .(5)46962 67091 
-(4)53932 11190 .(3)29248 26113 —.(5)30029 01554 
-(4)38778 42203 -.(3)21098 48164 —.(5)19924 01348 


.(4)28596 27483 (3) 15602 20206 | —-(5) 13039 45170 


(4)21849 40811 (3)11786 12681 | =-Coy9so0 77856 
(4) 16346 77743 (4) 90094 43517 | —.(6)69030° 58224 
(4)12915 92277 .(4)70928 04898 | —.(6)50706 35472 
.(4) 10229 00232 .(4)56268 09892 | —.(6)37922 29454 
.(5)82061 36861 (4) 45209 40193 | —.(6)28818 74227 








D 

3 (2)79012 34568 
4 .(2)28218 69488 

5 .(4)37624 92651 

6 (5)85511 19662 

7 (5)26311 13742 

8 .(6)98606 76533 

9 (6)42562 13407 

| 10 (6) 20385 02210 
11 (6)10589 62187 
12 (7)58703 33804 

13 (7)34318 87490 

14 (7)20972 64577 

15 (7)13300 78214 

16 (8)87191 61687 

17 (8)58749 43169 

18 (8) 40565 08378 

19 (8)28620 59966 

20 (8) 20384 81591 









Anarwn=olw 


Amr GD HK OX 


cowoomn 


1 









927 
0.20947 26563 
0.18328 85742 
0.12219 23828 

(161096 19141 

(1)22216 79688 

(2)55541 99219 

.(3)85449 21875 

(4)61035 15625 


0.15417 24205 
0.11859 41696 


.(1)76239 10904 


-(1)40660 85815 
-(1)17789 12544 
-(2)62785 14862 
-(2)17440 31906 
-(3)36716 46118 
-(4)55074 69177 
-{5)52452 08740 
-(6)23841 85791 
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0.23437 50000 
0.09375 00000 
0.01562 50000 


0.16818 80951 
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p«8 
0.19638 06152 


0.17456 05469 
0.12219 23828 


.(1)66650 39062 
-(1)27770 99609 
-(2)85449 21875 
-(2)18310 54687 
-(3)24414 06250 
.(4)15258 78906 


0.16118 02578 





0.14878 17764 
0.11689 99672 


-(1)77933 31146 
.(1)43837 48770 
-(1)20629 40598 
-(2)80225 46768 
-(2)25334 35822 
-(3)63335 89554 
-(3)12063 98010 
-(4) 16450 88196 
-(5)14305 11475 
-(7)59604 64477 


TABLE II 
(2p)/ 
“% 27° p-x)M(prx)l 


(The number in parenthesis indicates the number of ciphers between 
the decimal point and the first significant figure.) 








0.27343 75000 
0.21875 00000 
0.10937 50000 
0.03125 00000 
0.00390 62500 


0.20507 81250 
0.11718 75000 
0.04394 53125 
-(2)97656 25000 
-(3)97656 25000 


__ P=9 
0.18547 05810 
0.16692 35229 
0.12139 89258 


.(1)70816 04003 
-(1)32684 32617 
(1)11672 97363 
-(2)31127 92968 
.(3)58364 86816 
-(4)68664 55078 
-(5)38146 97265 


0.15498 10171 
0.14391 09445 
0.11512 87556 


-(1)79151 01945 
.(1)46559 42321 
.(1)23279 71160 
-(2)98019 83833 
-(2)34306 94342 
-(3)98019 83833 
.(3)22277 23598 
.(4)38743 01910 
.(5)48428 77388 
-(6)38743 01910 
.(7)14901 16119 














0.19335 93750 
0.12084 96094 
0.05371 09375 


-(1)16113 28125 
-(2)29296 87500 
-(3)24414 06250 


0.17619 70520 
0.16017 91382 
0.12013 43536 


.(1)73928 83301 
-(1)36964 41650 
(1) 14785 76660 
.(2)46205 52063 
.-(2) 10871 88721 
(3)18119 81261 
(4) 19073 48633 
.(6)95367 43104 






















0.14944 59808 
0.13948 29154 
0.11332 98688 


.(1)79997 55442 
(1) 48887 39437 
.(1)25730 20756 
.(1)11578 59340 
(2) 44108. 92725 
.(2)14034 65867 
.(3)36612 1530S 
.(4)76275 31886 
(4) 12204 05102 
(5)14081 59733 
.(6)10430 81284 
(8)37252 90298 
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0.14446 44481 
0.13543 54201 
0.11153 50518 


.(1)80553 09299 
.(1)50875 63768 
-(1)27981 60072 
-(1)13324 57177 
.(2)54509 61180 
(2) 18959 86497 
.(3)55299 60617 
-(3)13271 90548 
-(4)25522 89516 
.(5)37811 69653 
.(6)40512 53200 
(7)27939 67724 
-(9)93132 25746 


0.13206 05996 


0.12511 00417 
0.10634 35354 


-(1)81023 64606 
.(1)55243 39504 
-(1)33626 41437 
-(1)18214 30779 
.(2)87428 67737 
-(2)36989 05581 
-(2)13699 65030 
.(3)44034 59025 
-(3)12147 47317 
.(4)28344 10407 
(5)54859 55626 
-(6)85718 05666 
-(6) 10390 06747 
.(8)91677 06595 
-(9)52386 89483 
(10) 14551 91523 


0.13994 99341 

0.13171 75850 

0.10976 46542 
.(1)80879 21888 
-(1)52571 49227 
-(1)30040 85273 
.(1)15020 42636 
.(2)65306 20158 
.(2)24489 82559 
.(3)78367 44189 
-(3)21098 92066 
.(4)46886 50370 
.(5)83725 89946 
(5) 11548 39992 
-(6)11548 39992 
.(8)74505 80597 
.(9)23283 06436 


0.12858 53206 


0.12215 60546 

0.10470 51897 
-(1)80908 55565 
.(1)56284 21262 
.(1)35177 63289 
.(1)19699 47442 
.(2)98497 37209 
.(2)43776 60982 
.(2)17197 95385 
-(3)59303 28916 
(3)17790 98675 
-(4)45912 22386 
-(4) 10043 29897 
(5) 18260 54358 
.(6)26853 74056 
.(7)30689 98921 
.(8)25574 99101 
(9) 13824 31946 


0.13583 37596 


0.12828 74396 
0.10803 15281 


-(1)81023 64605 
.(1)54015 76403 
-(1)31919 40602 
.(1)16653 08140 
.(2)76326 62309 
-.(2)30530 64924 
.(2)10568 30166 
-(3)31313 48640 
.(4)78283 71599 
.(4)16196 63089 
.(5)26994 38482 
.(6)34831 46429 
.(7)32654 49777 
.(8)19790 60471 
.(10)58207 66091 


0.12537 06876 
0.11940 06549 
0.10311 87474 


-(1)80701 62839 
.(1)57163 65345 
.(1)36584 73821 
-(1)21106 57973 
-(1) 10944 15245 
.(2)50812 13640 
.(2)21025 71161 
.(3)77094 27591 
.(3)24869 12126 
.(4)69944 40355 
(4) 16956 21904 
(5)34909 86273 
-(6)59845 47897 
.(7)83118 72080 
.(8)89858 07654 
.(9)70940 58673 


(11)36379 78808 | .(10)36379 78807 


-(12)90949 47018 








APPROXIMATION AND GRADUATION ACCORD. 
ING TO THE PRINCIPLE OF LEAST SQUARES 


BY ORTHOGONAL POLYNOMIALS* 
By 
Crrartes Jornax, Dr. Se. University of Budapest 


PREFACE. 


In the present paper the mathematical theory of approximation 
by orthogonal polynomials is given in its entirety and accompanied 
by nearly all of the necessary demonstrations. This has necessitated 
some mathematical preliminaries. 

Statisticians less interested in mathematics will find it sufficient 
to read § 12 on the recapitulation of the operations. the beginning 
of $9 concerning the computation of the mean binomial moments 
and the mean orthogonal moments, $ 11 dealing with the method 
of addition of differences. and the examples of $13. In para- 
graphs § 14 and $15 dealing with correlation and in $17 treating 
graduation, one may observe the end-formulae and skip the rest. 
With the aid of these sections and the tables, one may readily 


employ the methods and attain results with a very small amount 


of labor. 
TABLE OF CONTENTS. 
S Introduction. 
§ 2. Some formulae of the Calculus of Finite Differences. 
S Changing the origin. 
§ Changing the interval/ . 


The problem of approximation. 
The deduction of the polynomial Uy. 
Determination of the coefficient 4,,. 


Mmm Mm TH 
PNRM SW 


Determination of the measure of obtained approximation. 


*Paper read by Professor Harry C. Carver before the 93rd Annual 
Meeting of the American Statistical Association held in Washington, D. c., 
December 28th, 1931. 
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§ 9. Determination of the binomial moments. 

§ 10. Transformation of the orthogonal series in Newton’s 
expansion. 

§ 11. Method of the addition of differences. 

§ 12. Recapitulation of the operations. . 

§ 13. Examples. 

§ 14. First problem of correlation. 

§ 15. Second problem of correlation, 

§ 16. Some mathematical properties of orthogonal polynomials, 

§ t7. Graduation by orthogonal polynomials. 


Bibliographical and Historical Notes. 


§ 18. Chebisheff. 
§19. Gram. 

§ 20. Jordan. 

§ 21. Essher. 

§ 22. Lorentz. 


§ 1. Introduction. It has been shown that in any case of 
approximating a function */x) it is advantageous to develop that 
function in a series of orthogonal functions. It was Fourier who 
first used such an expansion in his treatment of trigonometric 
series. The first expansion in orthogonal polynomials was per- 
formed by Legendre. In Legendre’s polynomials the variable x 
is a continuous one, it takes on every value between -/ and+J. 
Orthogonal polynomials with respect to a discontinuous variable, 


where % assumes only fhe /V values x,, %,,--,%_» have been 


deduced by Chebisheff' who has treated the particular case of two 
orthogonal polynomials with respect to equidistant variables. 


Since then several authors have investigated this subject. Poin- 


1Chebisheff. Sur les fractions continues, Journal de Mathématiques pures 
and appliquées 1858, T. III (Oeuvres Tome I. 203). 

Sur l’interpolation par la méthode des moindres carrés. Mem. Acad. Imp. 
de St. Pétersbourg, 1859 (Oeuvres Tome I. p. 473). 

Sur l’interpolation des valeurs équidistantes, 1875 (Oeuvres Tome II. p. 
219) 
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caré? and Quiquet® considered orthogonal polynomials of a discon- 
tinuous variable in the case of non-equidistant values. Graiu* 
employed these polynomials for x=-7,---1,O1,--+. Jordan’ 
considered the general case of equidistant orthogonal polynomials 
for equidistant values of x between a and &, the interval of two 
consecutive values of x being A ; moreover he treated the partic- 
ular case of polynomials relative to x = O 1,2, ---,G7-L) which 
Chebisheff has examined in another way. Essher in his first pub- 


lication® used such polynomials with respect to x=-£() N-L)-,£0v-]) 


and in his second’ for x <-77,--.,O2,--- 7. Lorents* also intro- 
duced orthogonal polynomials for x=-7,----O f,--+ 77 and for 
~=-Lnel,---,-1,1,5,--+, 27-1, the interval in this latter 
case being obviously equal to two. 

In later publications I showed new methods for using orthog- 
onal polynomials for approximation’ and graduation"® which per- 
mit the results to be reached very rapidly. In the present paper the 
general case of orthogonal polynomials for equidistant values of 
the variable is to be discussed: the formulae given are valid for 
all orthogonal polynomials of equidistant values such as the poly- 
nomials of Gram, Essher and Lorentz. These are also discussed 


in this paper. At the end some very useful tables are appended. 


* Poincairé, Calcul des probabilités, Paris, 1890. p. 251, 

* A, Quiquet, Sur une methode d'interpolation exposee par Henri Poin- 
care. Proc. ot the fifth International Congress of Mathematicians. Cam- 
bridge, 1913. p. 385. 

4J. Gram. Ueber partielle Ausgleichung mittelst Orthogonalfunktionen, 
Bull. de |’Association des Actuaires Suisses, 1915. 

5Ch, Jordan. Sur une série de Polynomes dont chaque somme partielle 
represente la meilleure approximation d’un degré donné suivant la méthode 
des moindres carrés. Proc. of the London Math. Soc. 1921. 

“PF, Essher. Ueber die Sterblichkeit in Schweden, Lund 1920 

7F. Essher. On some methods of Interpolation. Scandia, 1930. 

8P. Lorents. Der Trend, Vierteljahreshefte zur Konjunkturforschung, Ber- 
lin 1928. Zweite Auflage, 1931. ; ; 

9K. Jordan, Berechnung der Trendlinie auf Grund der Theorie der klein- 
sten Quadrate, Mitt. der Ungarischen Landeskommission fiir Wirtschafts- 
statistik und Konjuncturenforschung 1930. 

Ch. Jordan, Sur la détermination de la tendance séculare des grandeurs 
statistiques par la méthode des moindres carrés. Journal de la Société Hon- 
groise de Statistique, 1929. ; Se ad ; 

"Ch, Jordan, Statistique Mathématique, p. 291, Paris 1927, Gauthier 
Villars. 
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§2. Some formulae of the Calculus of Finite Differences. 
Since the functions considered in this paper correspond to x~=a, 
arh, a+Z2h, arJh-, the increment / being constant, the Calculus 
of Finite Differences will be found very useful. 

By the first difference of F(z) we mean F(v+h)- F(x) which 
is denoted by AF(%&) so that DP (x) = F(x +h)-F (x). 

The 77-th difference of 7x) will be defined as 


ra-1 


A’ Fix)= A[A” Flv). 


‘We shall term F/x) the indefinite sum of #(%) and denote it by 
Z f@it AF (x)= F(x). It follows that D f(z) =F'c)+C, 
where C is an arbitrary constant or a periodic function of 
periodicity / . 

The 7-thsum of F’(x) will be defined by 


ZH aE|Z”'¢0x)), 


This contains an arbitrary polynomial of the (77-1)th degree, con- 
sidering only the polynomial and neglecting the arbitrary periodic 
function. 

It would be more precise to add the increment 4 to the above 
notation for the difference 4 and the indefinite sum 3; . Thus 
we could use 2) and Z , respectively; but since in our formulae 
the increment will generally equal 4 we shall omit this index 
except in cases where doubt might otherwise arise. 

By the definite sum of f/x) between a and }, the following 
sum is understood (4 being equal to a+” and 77 an integer) 


fla)+ Flath)+ Flar2h)+----+Ft(b-A) 


and is denoted by b 


2, F(x). 
It can be shown that if F%) is the definite sum of 4/), the above 
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sum is equal to the difference of the values of 7”(z) taken at the 
limits, so that we have 


b 
= F(x) = F(a)+ tf (ath )+---+#(bh-h)=Fb)-Fla). 


According to our definition it is evident that the value of the 
function f(x) at the upper limit, i.e. 4/6), is not included in the 
sum between a and 6. This terminology, although rather unusual, 
will be adhered to throughout this paper. 

We shall have occasion to employ the following formulae of 
the calculus of finite differences. 

Formula of differencing by paris, or of a product: 


(ya [ uae) vie) | = u(%)-Avle)+ Vietrh)- A ue). 
Formula of the n-thdifference of a product: 
(2) A” [ule)v(x) | = BB) A” ucersh) A v(x), 
Formula of the summation by parts. or of the sum of a product: 
Z [u(2)- Vie) |= u(e)- 2 v(x4)-2 [A u(x) -Zvl(erh)). 
Formula of the sum of a product, &@¢) being a polynomial of 
the 7-th degree: 


Z [uce): viz)| = u(x) ZL v(a)-Luce)-Z Verh) 
(3) 
+ A(x): ZVicr2h)- te +C-LD2 Ua Hee 7h). 
In the second member of this equation 2 v(@/ contains one 


’ Zz 5 
arbitrary constant, 2 v+A)contains, besides this, one mure, and 


so on. Ultimately the second member will contain 77#/ arbitrary 
constants — but since the first member contains but one constant 
it is evident that after simplification all of the terms of the arbi- 
trary polynomial must necessarily vanish except the single constant 


f 
term arising from 2 ™ ernh). 
Generalized binomial coefficients. We shall denote the general- 


ized binomial coefficient of the 77-%4 degree by 


ee _ 2(x-h).(2-2h).-- -(z2-nhrh) 
Y4p 4f.2°-3s:- . : 
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where the index A is associated with the decrement. If A= the 
index will be omitted, and the expression above will be equal to 


the ordinary binomial coefficient, (/ m4 ) ; 


Let us mention the following well-known formulae: 
S/X S/x 
~ i aA “2 / 
x) _d x 
EY; h Pb acl , 


Expansion of a function in a series of gencralized binomial 
coefficients : 


(4) fGc)= f(a)+(*;°) Aiea), ... + (%8 1) A” tla) 4 SG. 


The generalized binomial coefficient can be expressed as an 
ordinary one by merely changing the variable. Thus if we place 
(x-a)/h = & we have that 


fa) *l3/ 

7A, n 

and consequently if we write 7/¢) = ffa+AF&) it follows 
that AF (( 0): 4°tfa) , and formula (4) may be written 


FE) = F(O)+(¢). AF{O)+[ £).4°F(Q)+ 
+($).3"—(O) 


Formulae (4) and (4’) are two different forms of Newton’s 
series. The great importance of Newton’s formula to the statis- 
tician is not yet sufficiently recognized by the latter, since he 
nearly always develops his functions in power series in spite of 
the fact that he is generally primarily concerned with the differ- 
ences and the sums of his function. Now if a function be expanded 
in a Newton series as in (4) above, its 77-¢4 difference and its 


(4°) 
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sum can be obtained immediately by means of the following 
formulae : 


A” Hie) = A” $la)+(*74) are) , 
5 
( ) nek, 4 "Sla)_ 
7-7, fp rr 
Z tlr)= (74), B+ (5y) Ge 
(6) 


wa) a” 6 fa) 
M+L 4p = 7% 

These operations would be very complicated if #(x) were 
expanded into a power series. Although it is true that a power 
series would be more advantageous for determining either the 
derivatives or the integral of 4/2), we may remark that the 
statistician hardly ever needs these quantities. And for nearly 
all other operations, Newton’s formula is at least as convenient 
as an expansion in a power series. 

To illustrate the last remark —if #() corresponding to a 
given value of 2 is needed, then in the case of a power series 


it is necessary to compute the values of x, x#2x4 ---- and these 


are obtained most readily by means of successive multiplication. 
In the case of a Newton series it is necessary to calculate 
(¢-4) (x-aNe-a-h) (x-2)(x-2-hNx-a-2h)++++++* and these 
should also be obtained by successive multiplication. The formula 
for changing the origin and that for changing the interval of 
observation are given in the following paragraph and are as simple 
as those arising in the case of power series. If a statistician 
expands a function into a power series and needing the differences 
of the function for x= a calculates them separately, he doubles 
his work since these differences are precisely the coefficients in 
Newton’s formula. In statistical research Newton’s series shoul¢ 
always be preferred to the power series. 
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§ 3. Changing the origin. In mathematical statistics it fre- 
quently occurs that it is necessary to change the origin of a set 
of observations. For instance, if £(@)is the value of some quantity 
corresponding to the first ot Janvery of the year /90/ 

@ésJanuary 1, 1901, 
A, represents the interval of a year, and it follows that z-a+€h 


represents January 1, (1901+ &) where & is an integer. If we 
know the Newton expansion of #(x%) in generalized binomial 


coefficients ( 4 that is 
4A 


F(x) =F(a)+("7 atlal, “f= 2 a aie, 


and desire the values of #(%) counted from the first of Ju/y 
of 190, then denoting 
c=July 11901 


we need 4/z,) expanded into a series of generalized binomial co- 
w-C 

efficients / af yp , that is 

()  flx)=Fic)+ (Ts 4 HO, ca we) A a. 


The coefficients of this expansion must be so determined that 
Z=C+EAwill correspond to July 1, (1901+E). These are easily 
obtained by putting z=c in the first equation of this paragraph, 


77 
fe)= Flas (4) A), (St) Sw 


and also placing x=c in the s-th difference of the same equation, 
so that we have 


a 4 fla} ”"#(a) . 


s s 2) 4°") 
(7) Af@)=4 Fade (<j9) ptt Rs 
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Substituting these values into equation (« )yields the required 
expansion. 

Remark. If c-a=mA where 7 is an integer, from the above 
equations it follows that 


f(c) = F(aemAdand A? tle) =A f(aemb), 


An example of this is given in § 13. 

§4. Changing the interval h . Sometimes a changing of the 
interval is needed in Newton’s formula; this occurs for instance 
in statistics when a function f(x), giving the value of some 
quantity corresponding to the middle of the year x , is known 
for several consecutive years (A=) by its Newton expansion 
(4), and it is necessary to obtain the values of the quantity corre- 
sponding to the first of each month. It would of course be possible 
to calculate these values by placing x = 1/12, 2/12, 3/12, +++ in 
Newton’s formula, but it is more advantageous to change the 
interval (A=/) in formula (4) and deduce another one in which 
both the increment of the differences and the decrement of the 
generalized binomial coefficients are A=1/42. The formula thus 
obtained leads, by the method of summation of the differences 
(§ 11), more rapidly to the results. So, starting from formula 


nel . 
(8) Arad Zt (mn), AFCA) 


we have to deduce 


nel 1 /x-a ” 
(9) (x)= Zr xm ( m4 tla). 


To obtain this, it is sufficient to know that for x=a@ the differ- 
ences of the generalized binomial coefficients ( —" 2, in a system 


of differences in which the increment is A may be written 
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‘to obtain these numbers, A, ici us write the folowing ide 


arg A” fr , cae | 


end then deduce ihe s-tA ditference. By fevnis! (2) we have 


$ < 

x-a x-a-mbh+h Ff fra 
4 ( ” . = A] - “ 
k “h ae ' sd, 


Placing in this equation eq we obuun 


(11) A: - sk-(m L)h A> + Sk 4st 
77 


”" vr7- ft 77 orr-f, 


The complete solution of this Equation of Partial Differences 
with the interval 4 would be very complicated, but ov suey 
readily solve it for some particular values of s and then deduce 
successively the other values of A fos starting from the initial 
values which follow immediately from (10). These are that 


4 
A, =k, 

2 = eo 
A,,* QO except that A, =1, 


and An ; oO 


Equation (11) can be solved first for 9= 77 yielding 


aa é tat ” 


77 S79} , 4 
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and secondly for s = from which we obtain 


t_ k-Gn-l)h yt 
4,,* 7 Arm-1 


Ld _k-Cn-4)h A 


7-1 777 77-2 
so that by multiplying we easily obtain 


Ain (ad, ’ 


and thirdly for s=m-{we may express successively the values of 


m-V-/ 
and then multiply each Pie. y by a m-U)/m and adding the 


products obtain the result 
m-/ m-2 /k 
Ars ¢m-i)a”” (2). 


The other values of A are obtained as indicated above. The 


following table contains the numbers necessary for binomial co- 
efficients up to the fifth degree. 


A) =k Az=(2), Aj <2 
A;=(3), Aj =2k(Z), As= 4? 


Ai(a), Ase k(7K-11h) (GZ) Af=3h*(2), Ack* 


4 


2 
Ais(4), Az=4(34-5hHG), Age $ (Su-™HN(Y), 


At. 4n3(2) Ag=k? 
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$s ' , ’ 
The numbers 4 = being known, we can immediately express 


— in a Newton series, with the increment equal to k, 
’ 2 3 
<1) (54) An (%2), 9% (2), 


It follows from (8) that 


f m+/ / w+] — av 
Dak. 4, Gm Eg Ve Ee 


and consequently the s-t/4 difference of f(%) for x=a@ will be 


n+/ 
/ Ss 7 
M=zS A 7 (a) 


A tla)« 
A 
When these values are placed in equation (9) the problem is 
solved. An example is given in § 13. 

§5. The problem of approximation. The number of the given 
values will always be denoted by /V in this paper. The values 
Mor Vie ha? Voves correspond to #sa,a+h, avéh,--., b-/ where 
b=a+/Vh. A parabola of the 7-th degree, y= f,)is to be 
determined according to the principle of least squares, that is, so 
that the sum of the squares of the deviations [A,(@)-y 1 for 
z=O1,2,::,/V-1 shall be a minimum. Hence the parameters 
in £,,(z) must be so determined that the expression 


(12) S- - [F,, ()-y]* 


shall be a minimum. 
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To solve the problem in the ordinary way would require the 
solution of 7#Z determinants of the 77-44 order. This would 
be very laborious, as those who have employed Gauss’s method to 
solve this problem know. It is far more convenient to first expand 
the function 4/%) into a series of orthogonal polynomials. 

Let U,=U,(&) be such a polynomial — it is termed orthogonal 
if it satisfies the following relation 


(13) 


for ali values of V different from zz. The expansion oi f,,(2) 
can be written as follows 


(14) f= at +2,U+a,l 


where the @y are constant parameters which must be evaluated 
according to the principle of least squares. 

To render expression (12) a minimum it is necessary that the 
first derivative of S with respect to 2,, should vanish for all 
values of V. This will produce 77#/ equations which determine 


the 774/ parameters, namely 


b 
2. U,| alr, Urey 2 48, Uy -y |-O 


=2 


As a consequence of relation (13) these equations are so simplified 


that we may write 
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The second condition of a minimum, namely that the expression 


7741 xr4/ 


o*5 
bs 5p Cy de 
V20 ps0 9494, - 
shall be a positive definite form for all values of da and de, 
is also satisfied since in consequence of (13) this quantity is 


equal to 


b 
ZU (day) >. 


a=a 
From (15) it may be concluded that the coefficients a,, are 
independent of the degree 7 of the parabola of approximation. 
Consequently, if the coefficients a,, @,,°-*,@, corresponding 
to a parabola of degree 77 have been calculated, then to obtain a 
further parabola of degree 77+/ it is sufficient to determine only 
one further coefficient, 2,,,, — the others will remain unchanged. 
This is of great importance. If the series (14) is limited at any 
term, the remaining expression will always satisfy condition (12). | 
§6. Deduction of the polynomial U,. Instead of starting from | 
relation (13) we shall employ the following equivalent formula, 


Db 
2, Fins 6) Uy (38) =O, 


where /;,, , (@) is an arbitrary polynomial of degree 777-/. If 


we were to expand Fenn 1 (x) into a series of Dy polynomials 


we would return back to condition (13) again. 
Applying formula (3), of- the sum of a product, to the above 


expression yields 


[Fons Uyy | Finn g © Uy 0) AE, Es Uy eth) 
tA, 2°C, (arkh)-»- LY” EG, lxemb-h). 
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Now, 2.U,, (x) contains an arbitrary constant to which may be 
2 . 
assigned such a value that 2 U_(a)-0. But 2 U_(x+h) contains 


2 
an additional constant which can be chosen so that 2 U_larh)= 0. 


Continuing after this fashion we may dispose of all these arbitrary 
constants in such a way that the expression for the definite sum 
will vanish for the lower limit z=a, that is 


x Fer’ Sr | O. 
%=a 
But in order that the definite sum may be equal to zero it is 
necessary for the above expression to vanish also for the upper 
limit, x=45. But since #(/4)is arbitrary for all values of s it 
follows each expression obtained for s=O12---{1must vanish 
separately for 2=4. From this we conclude that (2-2) and 
(x-4) must both be multiplying factors of Zz). Considering 


for the moment only the first of these factors we may therefore 
write 


(x)= (2-2) w(x). 


Applying to this expression the formula for the sum of a 
product, (3), we have 


2 ml VL p#-a0vh v 
z= Of 2 -L) Ave ( a, i A w(r). 
By successive summation we should find that (z-aNzx-a-h).:- 


(x-a-mhA+h) is a multiplying factor of 2 "E, (x) and that we 


can assign the following form to this expression 


(16) ZU, (a) =("*), Wl) . 
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As (2-8) must also be a multiplying factor of ZU, (x) the 


same reasoning leads to the expression of 2; rs (x) 


CU CS .- 


As this sum must be of degree 2777, it follows that C is an 
arbitrary constant and we conclude that the general formula of 
the orthogonal polynomials with respect to z=2@,a+h--,h-h, is 
the following 


17) Uy (= CA” Tne), (ib)y | 


Starting from this expression, there are two different ways of 
deducing the expansion of Ua) in Newton-series, as has been 


shown in the paper > . First, we can utilize formula (2), giving 
the m-th difference of a product, and obtain 


74+/ 
(8) U,l=-Ch"Z (SUNS) (Ro), 


Secondly, we can develop Z "U,, into a Newton-series of general- 
ized binomial coefficients ” o7 According to formula (5), we 


have then that 


armel 
(19) 2"Y, dao Ede (*59), Oa), Pp] - . 
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The s-thdifference in this formula can be written according to 
(2) in the following manner 


S+/ , 
OE OCA ON oY), 08 


77-StV 


so it follows that 


; 74 7 a ad i= oh, fae 
(20) ie Tiyfl r= . ym a Pu-8 s Jy? 


aud finally putting $= 74 V into this expression, and determining 
the 27-th difference, we see that 


(21) &. “ChE  C% oo I f(a > —_e) 


l_et us note that U= 
As 2 "T,_ (ais symmetric with respect to 2 and 5, we can 
get two other formulae for (7 @&) from (18) and (21) changing 


a into & and inversely. For instance, remarking that 4-2 =/VA, 
and that 


re V v-1 Y 
fj = - ) =(~ aoe “tay? 7 a 


it follows from (21) that 


ved -WrimeV YlV-V-/ /x-a 
(21’) 27 ea): CHAE oy” ( er wed ty © 


474 
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The constant C is arbitrary, whatever value may be chosen 
for it. The orthogonal polynomials introduced by different inves- 
tigators differ only in the value attributed to C. As these poly- 
nomials are closely related to Legendre’s polynomials it seems 
most advisable to choose C in such a manner that for 4=O the 
limit of the polynomial U/, shall be equal to Legendre’s poly- 
nomial Fin» For this purpose, we must put into (19) and (21) 
@--1 and, b=fand, C=1,2.5...m/2°H” then, deducing the 
limit for 4=O, we obtain two known formulae for Legendre’s 
polynomials." 

The choice of C is only important if we want to compute 
numerical values of Ua) corresponding to any value of x ; in 
this case C should be chosen so that the calculation of G. (x) 
shall be as short as possible. As we shall see later Essher in his 
first paper and also Gram proceeded in this manner. The above- 
given value that I chose for C is in this respect also very accept- 
able; and whenever numerical values of @,, are needed, we will 
adopt this value. It will be shown that our problem can be solved 
in a general way by leaving the constant C arbitrary. 

§ 7. Determination of the coefficients @,,.These are given by 
formula (15); but first it is necessary to know the value of 


a 


Fy, 
zea 7” 


To determine this quantity we shall apply formula (3) of the 
sum of a product to the following indefinite sum 


ZU. U, |= UpOZU gl0)-AU, (JET, ferh) 


+A*U, JEU, (ehh) --. 
th 1)" AU, JE”, (e+ mb), 


11] proceeded in this way in the paper 5 Joc. cit.; formulae (19) and 
(21) of the present paper are identical with (9) and (13) of the first paper, 
only the notation is somewhat different. 
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Let us now determine the quantities no. (x+pth-h): they 
are casily obtained. if ze < 24/. hy deducing the (7)4% differ- 
ence of 1 “'. (e4uA-A) Starting from formula (20). after having 
replaced 2 by x +224-4, it follows that 


A ~— "T, | =27°U, (xsuh-h)= 
(23) 
2777+ 


ChYF , ‘ xt+ph-h yf ft hae hoy 
( 77 , 


aos S- 77+ <™m7-S 


At the upper limit. z=. the first generalized binomial coeffi- 


cient figuring in this formula can be expressed by an ordinary one, 


(MA® ) af 
S-7774+4L7H _f 


.) he 77+ Ad 


but since s 2 77, it follows that this expression is equal to zero; 
indeed an ordinary binomial coefficient (Gis equal to zero, if r 
and ¢ are integers, and if r< 7. 
vg , 
ZC, (ersth-h) being symmetrical with respect to @ and 
b , its(777~}¢hditierence re, (eruch-h)will be symmetrical too ; 


but this quantity, as we have seen, is equal to zero for 2-64 , 
therefore it must also be equal to zero for x=2. 

We conclude that at both limits z=@ and z= all the terms 
of (22) will vanish in which z2+777+/, — that is all terms except 
the last. 


To evaluate this last term. we shall determine first the indefinite 
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sum of Z iy From (20) we easily get, after putting x+™h/A 
instead of x, 


+/ = D- 4 
laomibde Ge seme) (SY eos, 


Since 77<*s+/ , this expression will vanish at the upper limit 
x=6 and its value at the lower limit, x=a@ , will be 


m+f 


—- f* a. 
A 777-3 


amel 
x U,(armh)= 2 EZ Cin sel 


Noting that 5-a@=/V/, we can express the two generalized bi- 
nomial coefficients of this formula by ordinary ones; indeed they 
are equal to 


pies Lome+l oe /V-177#+3 jerned 
Stl DP =(-L) S4+l Sane 


s+l, NV, ALored be f 
tO teeth nif” 


so that we have 


ra+d 


ry (aomh)= Chem hem : at Pera 


According to a known formula of Combinatory Analysis 


(Netto, p. 250.) the last sum of this equation is equal to (-/) wed 
So it follows that 


Jf wat /V. 
ZU, armh ell) Ch 5 
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Moreover from (21) we deduce that 


A”, fa)aCh 2m( em) 


Now we have determined the values, at the limits. of all the 


quantities figuring in equation (22): hence the definite sum will he 
2,47 /2 Von 
(24 = ( 77 ) 

) : S c 4 777 Am+l/: 


It is useful t remark that this expression is independent of 
the origin of the variable x. Let us note also that fu: ON. 
To determine the coefficient a,, from equation (15) it is still 
necessary to determine Ly-U, fe) For this purpose, let us start 
irom equation (21’), that is from the .\Vewton-series of Z, with 


, a , za 
respect to the generalized binomial coefficient (75 °)y. We have 


b m4 -/ 0 
4 2 Vy-N. &-@ 
(25) FZ Uny-Ch 7 Om - oP ZO VAY. 


b 


In the analysis of continuous variables the quantity [xy ax 
da 
is known as the moment of y of the s-th degree (we will say 


the s-¢/ power-moment). We have seen that in analysing equi- 
distant discontinuous variables it is not advantageous to operate 
with powers, but that it is far better to express the quantities in 
binomial! coefficients. Indeed if an expression were given in power- 
series, we could not consider it to be a full solution, as it would 
still be advantageous to transform it into a binomial series. There- 


fore we have no use for power-moments and shall introduce 
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binomial moments. The generalized binomial moment of degree 
V will be denoted by B\, and defined by the following equation 


(26) e OW yy-By- 


This can be easily expressed by ordinary binomial coefficients, 
for if we introduce a new variable F=(z-2)/4 , we have 


(27) 


As will be shown later in ($9) there is a far better method for 
rapidly computing the binomial moments than there is in the case 
of power-moments. 

Several statisticians have remarked that it is not advisable to 
introduce moments of high order into calculations. In fact, if /Y 
is large, these numbers will increase rapidly with the order of the 
moment, will become very large, and their coefficients in the 
formulae will necessarily become very small. It is very difficult 
to operate with such numbers, the causes of errors being many. 

To obviate this inconvenience, I have introduced the mean 
binomial moment ; that of the V-tdegree will be denoted by 7, 
and defined by 


, 
fo fF 
Ty Fv? , EC VI a - 


The sum figuring in the denominator is according to § 2 equal to 


£¢S5), «(nsdn 





CHARLES JORDAN 


so that J will be 


o 
(28) ie ("4 Yl fusdar v 


z=a 


lf we introduce the variable & mentioned above, we obtain 


NY 
Ty +E (8) oft jor). 


Consequently the mean binomial moments are independent of 
the origin of the variable x% and of the interval 4 . The binomial 
moment increases rapidly with /Y and also with V/, though less 
rapidly than the ordinary power-moments. However, the mean 
binomial moment remains of the order of magnitude of y , what- 
ever /V or Y may be. For instance if y=A, it follows that Ty=4 
for any value of V/. 

Substituting in (25) the value of Ty obtained in (28), we have 


b m+ evir-lV. 
p U,_la)y =Ch?7 2 cf" oe oN aly. 
vza V=O 
To this expression we can give the following form, 
V 
(-L) "Cn? mos! ze “ey rs mn OG) ae 


To simplify we shall write 


+ * i 
(2) Bat DONG Fel 
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These numbers are integers, and as they are very useful are 
presented in the following table, which presents all the numbers 
necessary for parabolas up to the tenth degree. 


Table for O8my 


3 2 

6 -10 
-10 30 = -35 14 

15 -70 140 -126 42 
-21 140 -420 630 ~ 462 132 

28 -252 1050 -2310 2772 -1716 426 
~36 420 -2310 6930 -12012 12012 ~-6435 1430 

45-660 4620 -18018 42042 -60060 51480 -24310 4862 
-55 990 -8580 42042 -126126 240240 -291720 218780 -92378 16796 


ND Urb W to 


— 
owe 


The following relation can be used for checking these numbers: 
Bnot mt tOmpe tcc bien OG? 


Moreover, let us put 


m+J1 


(30) Zo 6, Ly = On 


If we already know the mean binomial moments, the values of 
@,,may readily be computed with the aid of the table above. 
Finally we obtain 


b 
1) ZU led y=Ch?"m LN net) Om: 


As this expression could be termed the orthogonal moment of 
degree 777 of y , we could consider @,, as a certain mean ortho- 


12 By yand Ow of this paper correspond respectively to C 1B gnd 
(-1 ') "@ of the paper loc. cit. 
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gonal moment of y of degree 777. These quantities, as we shall 
see, are very important; they are independent of the origin, of 
the interval, and of the constant C . Thus, they are valid for all 
orthogonal polynomials. 


In particular 9 =F =-B/!Y is the arithmetic mean of the 
given quantities y . 

Finally, equations (15), (24) and (31) yield, after simplifica- 
tion, the formula for a,,, . that is, 


(32) a - mt)On  , 


The coefficient 2, is independent of the origin of x . In par- 
ticular if 77=O, we have a, = O, /C. 


Now the equation of the approximating parabola is known, in 
the form of its expansion into a series of U,,, polynomials (13), 
and our problem is solved. But if it is necessary to compute a 
table of the values of the parabola 4,(z) corresponding to x= a, 
ath, arkh,----- , the corresponding values of UV, (2) must 
first be calculated by formula (21’). Although this seems easy 
enough, yet if /Y is large, the computation is a tedious one even 
with the aid of Table IV which presents the values of the binomial 
coefficients, ( =) for integral values of & . If it should he neces- 
sary to compute ( .. for non-integer values of & , the calculation 
must be made in the ordinary way, that is, by multiplication. At 
all events the calculation would not be shorter if the U,(«) were 
expanded into power-series. The labor will he decreased, how- 
ever, if tables giving the values of U,,(x/) corresponding to z=a, 
ath, a+2h,----, are available. I adopted this procedure in my 
paper published in 1921 and later Essher, and also Lorentz, did 


the same’’. 


13See foc. cit. 5, ¥, 1%, 7 and *. 
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It will be shown, however, that these tables are superfluous, as 
by a transformation of formula (14) into a Newton-series, we can 
get the required values still more rapidly by the method of addition 
of differences; and if an interpolation is necessary for any values 
whatsoever of x , Newton’s formula will give it in the shortest 
way. 

Moreover, by this method we shall be independent of the value 
of the constant C , that is of the orthogonal polynomial chosen. 

We will give in § 10 formulae leading directly to Newton’s ex- 
pansion, so that the computer will have nothing to do with the 
orthogonal polynomials themselves. He will only have to compute 
the binomial moments B,,, and then deduce the mean orthogonal 
moments 9,,, which will give, with appropriate coefficients, the 
solution in Newton's series. 

§ 8. Determination of the measure of obtained approximation. 
The approximation is generally measured by the mean-square- 
deviation 0,7 , that is by the mean of the squares of deviations 
between the parabola and the given values y . It is expressed by 


If in this formula we put in place of f(z) its expansion (14) 
in orthogonal polynomials, we shall obtain in consequence of the 
condition, (13) of orthogonality, 


n4+1 - - 
Se lar al on 


A= 


and on account of (13) 


(32’) 
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We can still simplify this result, since from formulae (24) and 


(32) it follows that 


1 2 = (2mL) (mn) 02 


o 
By Oe Tm Citae) 


And if to abbreviate we write 
(34) Cop (Bae I CU) 


and note that c,= 7, then the mean-square-deviation will be 


7-7 


b 
(35) On =WZ y*- e,*- Cc, o*- C297 -++++-¢, g.*. 


The coefficients C,,, can be easily calculated by (34), using 
Table IV for the binomial coefficients. But we shall see that C,,, 
is equal to the absolute value of a certain quantity, which we have 
denoted by C;,,, and which is given in Table III for values of /Y 
up to 100. 

As the mean orthogonal moments are already known, therefore 
to obtain o,7 it is sufficient to compute Z y*. 

Remark. All quantities figuring in (35) are independent of 
the origin, of the interval and of the constant C ; consequently 
this formula is valid for all systems of orthogonal polynomials. 

Sometimes it is necessary to know of s » the mean-square of 
deviations between two parabolas, one of degree 7 , the other of 
degree ¢ , (where 77 > 5), both approximating to the same values 
of y ; that is 


E (x)-& (| , 
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If in this formula we place the values of f,, (x) and f,(x) ex- 
pressed in series (13) of orthogonal polynomials, we have 


f,, (%)- f, (x) = 8541 5444+ Psuz2 Ui er *a,U, 


and in consequence of (14) 


then, using formulae (33) and (34) we find that 


as of 


7S Sl 


a. 


* * 
S4L 


--- 0, @*. 


Having obtained the equation of an approximating parabola of 
degree 7, it may develop that the resultant approximation is not 
close enough, the mean-square-deviation being too large. We may 
then pass on to a parabola of degree 7+1 by determining only 
the one additional coefficient @,,,, , —the others do not change. 
For this purpose we must compute 7),, and then O,,,, ; the 
coefficient will be given by (32). The new mean-square-deviation 
will be 


, 2. ¢? 2 
Dnet = In - Cnet Prat” 


Remark. If the binomial moments 5 B.B, tees Bb, were 
given, and we proceeded to determine a polynomial of degree 7 
such that its first 7¢/ binomial moments should equal respec- 
tively to the values given above, thus employing the principle of 
moments, we should reach the same result as though we had 
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imposed the principle of least squares. In the case of polynomials 
both principles lead to the same function. 

$9. Determination of the binomial moments. Chetverikoff has 
given a very good method for their determination, which dispenses 
with all multiplication. We have seen that 


Chetverikoff's method produces the last sum, that is the ordi- 
unary binomial moment (7-2) ; to obtain the generalized binomial 
moment B, , this must still be multiplied by 4 V; but it is needless 
to carry out this multiplication, since we need only the mean- 
binomial-moment Z\), which is given in both cases by 


NV 
- NY 
Ty Fol Vf hv) 


The method consists in the following: Let us denote by y(%) 
the value of y corresponding to © ; in the first column of a 
table the values of yWEjare written in the reverse order of mag- 
nitude of & . that is 


WN-1) y(N-2), --»»- yh), WO). 


Into the first line of ali the columns we write the same number, 
yl /V-4). Into the V-t# line of column zz we put the sum of the 
two nunibers figuring in line V-/ of column_z, and in line V of 


column 4-7. 
In column zz we stop at the line /Y-42; the number figuring 


there will be Le) y ; to obtain the mean binomial-moment of 
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degree zs-2 this must be divided by C et ), If we want the mean- 
binomial-moments Z, 77, Z,--, Z, we must compute 77/ columns. 
An example is given in § 13. 

An elementary demonstration of this method is given in the 
papers loc. cit. ® and **. We will give here a more direct one. 
Let us denote by W/V, w )the number written into the V-7¢/ line 
of column zz. The rule of computation will be 


WN -l)+9(V-1, )=W sw). 


This is an equation of partial differences of the first order which 
may be written as follows: 


(x) Pit, erl)-YV+1,4)-WHI url)=O, 





Let us solve it utilizing Laplace’s method of generating functions. 

We will call w= u/¢z/the generating function of Yy, w with 
respect to v , if in the expansion of wz in powers of ¢ the coeff- 
cient of ¢” is equal to p(y fb where zz is a parameter of uw. 
Since YO i) = QO, then we have, 


u= DHA, pu)t+We u)t >. ~ a gh 
DO we“ Gl, pat M4 . 


From this we easily deduce the generating function of JA+Z, jy) 
If we divide both members by ¢ , the coefficient of ¢ Vin the 
second member will be M414). Hence u/# 2z)/t is the gen- 
erating function sought. Since zz is a parameter, it follows from 
the preceding that the generating function of DY UY. +L) will be 
uft, url), and that of HAL yu+D)will be u(t u+L)/t . If in 
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equation (o¢ ) above we substitute the corresponding generating 
functions for the functionD , we obtain 


(8) (1-t) ult, u+t)- u(t u)=0. 


In this way we have reduced the partial difference-equation (« ) 
of the function Z to an ordinary difference-equation of its gen- 
erating function cz. The solution expanded into powers of 7 , 
will give the function 7 itself, which is sought. 

Equation (@ ) is a homogeneous linear equation with constant 
coefficients, ¢ being only a parameter from this point of view, and 
can be solved immediately, yielding 


(1) ue wtf(t-t)” 


where 277// is an arbitrary function of 7 ; and may be determined 
by the initial values, that is, by the values put into the first column. 
Placing zz=7 into equation ( 4) we obtain the generating func- 
tion of these values. Hence, 


we t-t) = y(N-L)trfN-L)te + yo) t™ 


Finally we have 


u= [WV-e+ -4¢y(/V-2)t hae 
+l) t \(t-4) H*4, 


Since 


oo 


tay", ZOE es rs : 
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we may obtain the coefficient of 7 “in the expansion of u . 
By letting s=\-zwe have therefore that 


N+l -L+V- 
Lp) =z ine Tema. 


If we place in this expression v=/V-+2 and /V-z=&, we see 
that 


/Y 
UN p08 pn Er, CF 2) V@). 


We conclude, therefore, that the number figuring in line /V-zz+Z 
of column 42 will be the ordinary binomial moment of degree 
44-& . It was this that was to be demonstrated. 

$10. Transformation of the orthogonal series into Newton’s 
cxpansion, Since the approximating parabola and the mean square 
deviation are independent of the constant of the orthogonal poly- 
nomial used, it is natural to transform equation (13) so that it 
shall also be independent of this constant. This can be done by a 
transformation into Newton’s series. 

We have seen that the coefficients of Newton’s series (4) are 


£,(a) Af, (a), A*f, (a), --»-, 076, (a). 


To obtain this series, therefore, it is sufficient to determine these 
quantities, starting from the orthogonal expansion. 
Deriving from formula (13) the s-¢/ difference of 4, (%), we 


have 


41 


(36) Lt, (=z a, JU, (x). 


Mas 
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To obtain 4 _* , we start from formula (21’). Since F ae i 


is a multiplying factor of the s-¢/ difference of 27, , we conclude 
that for z=@ , all terms obtained from (21’) will vanish except 
the term in which V=s . Hence we have for seO/Z.--., ™ 


AU, laJaeCh?" ("mm ). 


Placing this value, and that of a,, taken from (32), into equation 
(36) we get 


at, QE U” Tiamat i") Yai 


where ©,,, is the mean orthogonal moment of § 7. To abbreviate 


we shall write 


NY-s-1 
Wi Cegeh tl ”"Weeee' DS) 7 Nem 


Finally we find that 


(38) J°4 fa)=G.8+ g, 


S4#1,35 ~S+l + 


For instance, we have for s=0 , 
t(a)= Co0 B+*Gio G + C20 Bt 


where C),=/. Let us remark again, that the second member of 
equation “(38) is independent of the origin, of the interval, and of 
the constant C of the orthogonal polynomial chosen. 
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The importance of the numbers C,,. was first recognized by 
W. Kviatovszky, who calculated a table for these numbers. This 
table has not been published. The author’s Table III is more 
extensive, giving these numbers with more decimals for /V up to 
100, and for parabolas up to the seventh degree. 

Having obtained, by the above method, the Newton expansion 
of the approximating parabola, it may happen that the expansion 
corresponding to a parabola of degree 7+/ is desired, and this 
requires the calculation of O,,, . The coefficients of the new 
binomial expansion of 4,7 (/ are easily deduced from those of 
f,,(x) previously obtained, since 


Poms laja Lt, (ahi Cust. @ met - 


The work previously done is therefore not lost. 

$11. Method of the addition of differences. Knowing the co- 
efficients of Newton's formula 4,4), Af,@),:-2%,(a), we can 
proceed to calculate a table of the values of 4, (z) corresponding 
to =a, a+h at+dh-. b-hby adding the differences. This method 
has been used by H. Henning in his remarkable paper on the 
Trend-lines.'* It proceeds as follows. The function ta) being 
of degree 77, it is evident that 4) ‘i, (x)= A” %(a)is a constant. 
Into the first line of the first column of a table we shall write the 
number A” “thal Into the other lines of the first column we 
put the number of the preceding line of the same column, increased 
by A’¥,, (2). We stop in this column at line /V- 7741. Accord- 
ing to Newton’s formula, we have 


A” 1h, (xth)= 1” * f(a) by) 


14H, Henning, Die Analyse von Wirschaftskurven, Vierteljahreshefte zur 
Konjunkturforschung. Berlin 1927. 
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A” £,,Crd2 af, (a)+ FA” Fp, (a) 


where ¥= ( x-aVh; hence the first column will contain the values 
of the(7-f/-+A differences of 4,, (x). It is advisable, before con- 
tinuing, to check the last number in this column by the formula 
above, putting therein&= /V- 77. 

Into the first line of the ~-¢/ column we write the number 
A” ~f#,(a), and into the v-¢4 line of the same column the sum 
of the numbers figuring in line V-/ of column ~-/ and column 
44. The computation will be stopped in this column at the line 
/V-rnsu. The x2-¢4column will contain the values of the(77-y)/4 
differences of ~ (x) , which follows from Newton's formula 


A” “¢ Cerh)a I” “heed” Hg Ge) 


A” “4, (2) =A” “Hh, (a)4( $A” fae 


(39) 
1 (EDD bg la). 

Before going on, the last number of the column 4 should be 
checked by the preceding formula, putting into it [=/V-»+z-/. 

We continue in the same manner,—the last column to be 
computed is the 77-¢/and will contain the values of 4 (a) 4,lath 2 
es (b-4). This last number can be checked by formula (39), 
by making the substitution 4z=77 and==/V-f An example is given 
in § 13. 

§ 12. Recapitulation of the operations. To solve the problem 
of approximation of § 5, it is necessary first to compute the mean- 
hinomial-moments 77, 77, --,Z;,. This is done by drawing up 
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Chetverikoff’s table (§9) and dividing the number in the line 


/V-u2of column xz by ( a . We obtain in this way Lu. z: this 


must be repeated in every column. 
Then the numbers &,,,,are taken from Table I., and the mean- 
orthogonal-moments ©, ©,, ---@_ are calculated by 


() @+T,, Qu+MaeT, +B To +---*Bauta- 


Then Z Y/N is computed. The numbers C ahead are taken 
from Table III, or if this table fails, calculated by formula (34) 
and by Table IV which gives the binomial coefficients. The mean- 
square-deviation is calculated by formula 


(35) ofeLyW -07-66%.----C,8,7. 


If this quantity is conveniently small, the approximation is con- 
sidered close enough; if not, we proceed to calculate O,,7 , and 
J, oe and so on until a sufficiently small mean-square-deviation 
is reached. 

Now we proceed to deduce the Newton's expansion of the 
required function 4, (x). The numbersC,,, are taken from Table 
III, or if this table fails, calculated by formula (37) with the aid 
of Table IV. 

The constants of Newton’s formula are given by (38) 


f,(aJ=@,4+Cy,0 a, + Coo Oz+---++ Cue Gy 


Af, (a)= Cy, + Coy G,+----+ Cry O, 
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Lf, (a)= Css O,+ Coes, s Oot O00 0 Cae SG, 


A”, (a) = Crm On 


Now the equation of the parabola is known in the form of its 


Newton-series 


fy, (x)= t,la)+(F) Ab la)e( $A fla) 


(4) 
(SDA tela) 
where & =(x-a)/h. This will be considered as the desired solu- 
tion. As has been said, it is quite useless to expand the parabola 
in powers of x . 
If it is necessary to deduce a parabola of degree 77+ starting 


from equation (4); the new coefficients will be 


ous (a)= t(@) + On 41 0 Cnet 


A*f, ae A % fa)+ € wala Gans 


Generally a table of the values corresponding to the parabola 
and to #=a,@+4.-.b-A, is needed; this will be computed by the 
method of addition of differences (§ 11). The last column will 
contain the required values. 

§ 13. Example 1. Let us choose an example given by 
Lorentz’® in which six values of y are given, and where /Y=6, 


15loc. cit. §&, p. 21. 
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A= and a=-5 . The approximating parabolas of degrees 1, 2, 
3, 4, and 5 are required. 

The values of y corresponding to x=-5,-3,-/,1,3%5 are 
written in the first column of the table below in reversed order of 


magnitude of x . The other numbers of the table are obtained by 
Chetverikoff’s method (§ 9). 


12293 12293 12293 12293 12293 12293 12293 
10875 23168 35461 47754 60047 72340 
10058 33226 68687 116441 176488 
10018 43244 111931 228372 

8530 51774 163705 

7880 59654 


The required mean-binomiial-moments will be 


T, = FH6F4/6 = F942, 5353" T, =1760486/15 = MP6 50667 
T, = L6F7OV/1) = 1093, 6067 =—T,= 723406 = 2096, 6667 
Tp £28972 KO= 1416.6 = Ty = 12293 
The mean-orthogonal-moiments are 
O,- T, = 9942, 3333 
O,=T/- To = 971, I533 
O,=2T; -37, +, = 38, 5333 
05-57, -10T, +67, -T = 183 
Q, = 14T, - 357, + 3OT, -10T, + T, = 391, 6667 
0, = 427-16, + 140 Ty - 70T, +151, -T, = - 1152 


The squares of ‘the mean-orthogonal-moments are 
Oy = 9884996546 OF = 33489 
Gf = 943486, 38 OF- 123669 45 
Of= 1484 G2 Of= 1327104 

Zy/6 = 100960410, 3 


*Editor’s note. In this country we usually write 2889 | 9942. F332 3instead 
of 9942, 3733. For the purposes of this paper I prefer to use the con- 
tinental notation appearing in Professor Jordan’s manuscript. I agree that 
the following typical product of three factors z - 3541, 77795 - ( va ? 
appearing on page 300 is less liable to be confused than if written 


£ . 341.77395-(*}7), 
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From Table III we get: 


Coo = 1, 78571429 Gyo = - 9, OL FB O95 
Coo = -O, 83333333 


Now the mean-square-deviations for the parabolas of degree 
0, 1, 2, 3, 4, 5 will be: 


og? =Zy*/6-G, = 2110424, 82 
2.0°-C,0,*= 8866405 
~0,7-C,@% = 86012, 58 

- g°-C, 97 - 58105, 08 
-0,'- C,@, = 31604, 49 

if « of - C, Of = 6, 80 


As the parabola of degree 5 passes through the given six 
points, therefore od should be exactly equal to zero. 

Let us now proceed to the determination of Newton’s formula 
corresponding to the five parabolas required. It is to be observed 
that the amount of work required to solve this problem, is inde- 
pendent of the number of observations. First the following num- 
bers must be taken from Table IIT: 


Cy =QB5TI4ZG6 = C,,+=1,071AZBS7 = Cyy 3 
Oy, = 14285714 C2=-25 C}sa = 1, F553353 
Cy, <2 Cye= 192857143 Cy= 5 
Cu, =-O,85714286 G2=-OF Cog? °5 
Gy= Q142B5714 C= 166666667 Gyy= 6 
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Formulae (38) of the preceding paragraph give: 


f,(a)=Q,+Cyy O, = 7860, JOA8O 
Bla)= tlal+G, 8 = 7929, T1427 
£,(a)= f,(a)+C,z, O, = 7777, 21427 
tla) = f,(a)+C,,9, = 7852 ,57142 
f(a) = fy(a)+ Coos = 7779, 99998 


Af. (a)=C,,9, 832, 57140 
Af, (a)= Dt la)+G, 2, 750, 00005 


Af,(a)=It,(arG,O@, = 1116,00005 
At, a)=Dthlalrl,,2, = 814,57114 
At, (a)=It(a)+G,@, = 650,00002 
L*t (a)=C,,8 - 41,28766 


LA’ (a)= Db (a)+G,O, =-416, 21432 
LV t,(a)= D*t, (a+€,,Q, = 262,00003 
M*t,(a) = Lf, (a)+Cg2Q, = 838 ,00003 


At, (a) = C,, ©, = 505,00000 
A®f, (a= A*t,(a)+6,,O, =-705,00010 
A*t, (a): A°t, (a)+G,Q =-2286,00010 


Af, (a)= Cag Oe = 1055,00010 
LM*t (a)=L*h(altGg G= 4511,00010 


At, (a= Cs B =-6912 
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Before writing the formulae of the parabolas, let us introduce 


(x-aYh=Eand put f(a+ &h)=-V®Z we have then 
Fi (E) = 1860, 905 + E32, 571(£) 
LCE) = 7929, 714+ 750(F, 41, £86 ($) 
De. 7777, 214 1116($)- 416, 24 (§)+ 305(#) 
EVE) = 1852,571 +614, 571 $4268, $)-T05 2) + 1054) 
EE) = 7780+650( + IY §) - 2286(§) +4511 (§) 
- 6912(£) 


These results are exact to three decimal places. 
The method of the addition of differences can be applied imme- 
diately to these equation. 


Example 2. The values corresponding to the approximating 


parabola of the fifth degree and corresponding to the given values 
of x in the preceding example are to be determined. 

Starting from the last equation above, we will determine Fi; ( &) 
for & =O1,2, Z45. Noting that A°F'/O) =-6912 the table 
below is obtained by using the method described in § 11. The last 
column contains the required values of 4} (£). which, as in this 
case the parabola passes through the given points, should he 
exactly equal to the given values y in Example 1. 


4511 - 2286 838 650 7881) 
-2401 2225 -1448 1488 8530 
-176 777 40 10018 

601 817 10050 

1418 10875 

12293 


The results are exact to three decimal places. 

Remark on the number of decimals to which the calculations are 
to be carried out. If for instance a parabola of the fifth degree 
is to be determined approximating the values of y , which are 
given with a precision of half a unit, then Ata) should be cal- 
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culated to seven decimals if the number of the given values is 
near 50, or to eight decimals if it is near one hundred; Af (a) 
should be calculated to six or seven respectively ; A’ f (a) to five 
or six, and so on. The corresponding orthogonal moments and the 
numbers C,,,, must be of course calculated to the same number 
of decimals. 

Example 3. Changing the origin. The given values y. in 
Example 1 correspond to 


July 11901 +& 


for F< O,1,<,--5, where & is expressed in years. These values 
have been approximated by £5 €) obtained in the last equation 
of Example (1), to abbreviate we shall write it FC , ). In this 
case, Ju/y 1/901 corresponds to a=O. It is required to develop 
the function 7’/ Ein a series of binomial coefficients ( so a 
where C= - 3 corresponds to Vanuary 11901. Equation (7) 
will give for A=2 and c-@= -Z with an exactitude of three 


decimals 


AF(-$)=-6912 
AF (-£)2 4511+3- 6912 = 7967 
NF (-)=-2286 -$ 4511 -§ 6912 = -7133,5 


L°F(-3)= 836+3 2286 +8 4511+2, -6912=5832,625 


AFU-3) = 650-4 - 838-8 -2206 -7,- 4511 


2 
- F853 6912 =- 3925, 938 
F(-4)= 7780-4 -650+ 8-838 +Z% 2266 


+ 25. 4511 +$y5-6912 = 11418, 102 
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Finally the required formula will be 


FIE) = 11418, 102 - 3925, 9385; 2), 5852. 625(*24) 


- 7133 5(3, +b), 7967 (5. 72)- 691262 2). 





This equation was checked by calculating 7" (O) which was 
necessarily equal to 7780. 

Example 4. Changing the interval. Let us suppose the follow- 
ing function given 





flue 7760 + O2¢ me +9387 *37) - “es C737) 













+ 2244 (#37 ),- S842 #47). 





This is a Newton-expansion in which the decrement of the gen- 
eralized binomial coefficient and the increment of the differences 
are both 4=2. It is required to deduce another Newton-expansion 


such that the mentioned decrement and increment should both be 
A= Z, : 








For this purpose it is necessary to calculate A°*/<) for x=--5 

2 S=«l1lZ3Z49 . igs we must determine the numbers 
A» Mt A”” introduced in 

For A=2, and A=1/2 oe have 


A; /h= 1/6 Aj /h*e- 5/72 
A; /h& 55/1296 Aj /h*- 935 [31104 
Ay /h*= 21905/ 933120 
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Ap /h? = 1/36 As /h?-- 5/216 
Ay /h*= 295/15 952 A? /h% - 59/3456 


A; /h7= 1/26 Aj /b*- - 5/864 
Aj /h* = 185/31104 AZ/h* 1/1296 


As /h* = - 5/3888 As /h*= 1/7776 
Now we can proceed to calculate the differences J °f(a ) given 
by the formula in § 4. We have 


_ 21505 


933120  CVL% =~ F441, 773992 


AIS _ 


z 
A*t(a) = 2 838 173 - 2286+ +7555 


“4511 
IS 


2266 ~2— .4514-122_ 


A'ta)= as 864 31104 


‘6912 =- 77, T9977 


4 *f(a) = 451 te 55 -6912 = 12, 36960 


1296 


O, 68889 


f(x)= 7760-2 .341, 773954 + 5271, FOLIO $) 
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EOC 7997 Ns) + 5 (12, ING ) 


- 45 (Q8868Y"5°) 


where 4-4/3. If we want to apply the method of the addition 
of differences it is preferable to change the variable by introducing 


E=(c-a)/k and writing F(2 &) =f l(asék). We have 
F(E)= 7760 - 341, 77395(§ +271, 71H E) 


-77, 7997 74) +12, 096 4)- 0, 66689 (€ ). 


Of course it would have been better to change the variable before 
beginning to calculate the numbers a. , but we wanted to show 
the method in its generality. It is advisable to check the above 
equation by putting into it F= 6: the result must be F/6)- £(7)= 
6430. The checking has given this number with a precision of 5 
decimal _ places. 

Starting from AFE. =-OG68889 , let us determine the first 
values of F/ F)ior &=O12 3 ---6, by the method of the addition 
of differences 


12,36960 - 77,79977 271,76190 ~ 341,77395 7780 
11,48071 ~ 65,43017 193,96213 ~ 70,01205 7438,22605 
10,59182 ~ 53,94946 128,53196 123,95008 7368,21400 
- 43,35764 74,58250 252,48204 7492,16408 
31,22486 327,06454 7744,64612 
358,28940 8071,71066 


§ 14. First problem of correlation. It is required to determine 
the coefficient of correlation r,,,,, between the deviations f,(@/-y 
of a parabola of degree 77 approximating to the values y (§ 3) 
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and of the deviations f,/x/- y’ of a parabola of degree 77 ap- 
proximating to other values y’ corresponding to the same x 
quantities. Let us suppose that 77 2 72. 

The definition of this coefficient is the following: 


(40) Tam = ta Z. [A ()-y]| fr )-y" | 


where ag is the mean-square-deviation of #, (z) and y (§8); 
and — the mean-square-deviation of 4, (x)and y’, 

Let us put into (40) the values of 4,() and 4) &) expanded 
into series of orthogonal polynomials (14); then the sum in the 
second member of (40) will be 


(41) Lyy'-Lyla@jZraU+---+a) ) 


-Ly (aU, 44,0 +.-+2 uv) 


7-77 


12,0, 5U,+8,4/LU,4.-+4, 4, 50% 


7? 


This expression may be simplified; indeed, starting from equa- 
tion (15) we have, after multiplication by a; 


allyl, = a,a, ZU,". 


Putting into this equation successively s= O 22 --- mand adding 
the results, we obtain the values of the second sum of (41). To 
have the third, we start from the equation analogous to (15) 


Ey'U, = a, ZU; 
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and multiply both members by a, ; putting successively S=O12-- 
-,77 and adding the results, we obtain an expression for the third 
sum of (41). Finally this formula will be 


Zyy'-a,a, £U,* - a,a,/ZU,*---- a,a,20,7 


We have still to determine the quantity 2, a;2°C% ws /Y; but 
according to (24) and (32) this expression is equal to CHF 
where Go, is the mean-orthogonal-moment of degree 777 ds ae 
We conclude that, 


Sry 


(12) m= gigr|NZVY BE - G4G-"-G, FF], 


Sometimes, 77 being given, the coefficients of correlation “7 
are sought for all values of 777= O72 --; 77.- In this case we will 
first divide the quantity within the brackets in equation (42) by 
O,, and then divide the quotient successively by the values of 
O,, for 77=O1,2-- 77 

All the quantities figuring in equation (42) are known from 
the previous determination of the approximating functions #, (z/) 
and f,, (x), except Z yy//V. To obtain the desired coefficient of 
correlation, it is necessary to compute this additional last quantity. 

Formula (42) also shows the importance of the mean-ortho- 
gonal moments of the given quantities y and y’; it is independent 
of the origin, of the interval, and of the constant of the orthogonal 
polynomial chosen. 

The most important particular case of 7, ,, is 7, ; this being 
the coefficient of correlation of the ontelinns of y and of y’ 
from their respective averages. Thus 7,, shows the simultaneity 
of the variation from the respective averages. Another important 
particular case is ‘7, , which gives the correlation between f(z)-y 
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and f ; (x)y- thus measuring the simultaneity of periodical devia- 
tions from the respective linear trend-lines. 

If 7 and 7 are large, the approximating parabolas will follow 
the principal secular and periodical variations, will therefore have 
nearly the same maxima and minima as the values y and y’. 
In this event the remaining deviations will be mainly due to chance, 
and thus the coefficient of correlation loses its importance. 

§ 15. Second problem of correlation. Given the functions 4, (x) 
and #4, (x), of degree 7 and V respectively, approximating the 
values of a quantity y. Let us denote by & the deviations of the 
two corresponding parabolas: 


f= hi (x)- ty (2. 


Moreover, let us likewise have given the functions 4, (&) and 
/ ° ° . 
o (xz) of degree 77 and é respectively approximating the values 
of another quantity y’, and denote by 7) the deviations between 
the corresponding two parabolas. 
It is required to find the coefficient of correlation %,)), ml 
between the deviations ¥ and 1. According to the definition of 
th coefficient of correlation we have 


| 1 , ' ' 
(43) AV) mys "Wen y nue ee Ee Ae) ee Co] 


, 2 
where Gy 


denotes the mean-square-deviation of § , and a wa 
the mean-square-deviation of 7 (§8). Both are known from 
the determination of the approximating parabolas. 

Let us suppose that 7 2 77> V2 2. Substituting, for 4 (x), 
fy) , FC) and #,;(@) their expansions in orthogonal poly- 
nomials (14), the sum in the second member of (43) will be 
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Lla ys yyptte, Za‘ ued Wiog * #2) YW) 


This yields, in consequence of the orthogonality of the poly- 
nomial UZ , 


‘ a / 4 
G41 A y44 ZU} oe Am ana, 


As we have seen in the preceding paragraph, 
fg a, £U,* =C, 9,8, 
NY S$ 

Hence 


(44) + 


TV, Trp ~ ae ~— [n29 V+ Oy,17 - 


All the quantities of the second member of this equation are 
known from the previous parabolic approximation, so that the 
calculating of the coefficient (44) is easy. We note that it is a 
simple function of the mean-orthogonal moments, of the mean- 
square deviations and of the numberC; . (formula 34 or table 
III). 

If m and yz are g'ven and this coefficient must be computed 
for several values of 7 and\/, we first divide the quantity within 
the brackets of formula (44) bY Oi . and then divide the quotient 
successively by the different viens aa Gay 

In the second problem also, the most important particular case 
is that of ro» especially if 77 and 777 are large, in which case 
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the deviations £ (z/-yand £, (@/-y’could be considered as negligi- 
ble. In this case the coefficient of correlation (44) of the trend- 
lines is much more important than the coefficient of correlation 
(42) of the trend-deviations. 

Example on correlation. A. Sipos has determined trend-lines 
up to the third degree of Hungarian impotts and exports in 1882- 
1913.'* The mean orthogonal moments for imports were 


@, = 1254, 25938 @, = 70,63941 
@,= 206, 02674 O, = 21, 27541 


The mean-square-deviations corresponding to the parabolas of 
imports of degree 0, 1, 2, 3 were 


oy = 383,777 Op = 85,752 
o, = 166,517 0, - 69,3350 


The equation of the third degree parabola of approximation was 


f,(«) = 864, 12484 +20, 38.562(7)-2,82004(3)+Q45504 3) 


where x=O corresponds to 1882 and ¥ (2 x) is given in milliow 


gold crowns. 
The corresponding values for exports were 


/ 


= 1234,4 O, = 37, 80645 
G/ = 192, 675 Of= 5, 58515 


of = 37 587 G= 58,480 
J, = 96,662 g,= 57,184 


184, Sipos, Praktische Anwendung der Trendberechnungsmethode von 
Jordan, Mitteilungen der Ungarischen Landeskommission fiir Wirtschafts- 
statistik und Konjunkturforschung. Budapest 1930. 
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The equation of the third degree parabola of exports was 


fy (x) = 621, 24103 + 15, 09955 ¢) +O 28944(5)4011947( 2) 


First problem of correlation. Let us determine the more impor- 
tant particular cases of the coefficient of correlation /,,,, between 
the deviations y-4,(x/of import and the deviations y ~ ft, (aot 
export. 

The coefficient of correlation between the deviations of the given 
quantities and their respective averages is 


4 1 , / 
eo aay WEY’ DS |, 


and since + Syy:l6724 57 BO we have 


Too = OP, YFBSH 


This correlation is a very strong one. 
The coefficient of correlation between the deviations of the given 
quantities and their respective linear trend-lines is 


17 


4 [ft / 
“<> laZ yy &A-Gae, ] = 0, 7669. 


,? 


(The number C, was taken from table III. C, = 24, @16/8-- -) 
This correlation is still strong enough. 

The coefficient of correlation between the deviations of the given 
quantities and their respective third degree trend-lines is 


1 
33 ™ . 
% 2 


¥ / ‘ ‘ ‘ ‘ 
[WZyy'-@, B'- GE,O,-G4AG -Gae& | 


= QO17399. 
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This correlation is already very small, the deviations are mainly 
due to chance. From Table III we had C, = 4 14438 503and 
C= 4 80748663. 

Second problem of correlation. The coefficient of correlation 
Cont on y, between the deviations of two trend-lines of import of 
degree 7 and V respectively and the deviations of two trend-lines 
of export of degree 777 and 4¢ respectively, is to be determined. 
We will only consider the most important particular case, the 
correlation between the third degree trend-lines and the respective 
averages, that is 


where 


2, G0, = 142659 2203 


2-0, 6, *+ C6, *+C, *= 110695, 9458. 


0 
And therefore 0, = 777,70276 and of = 332, 71000. 


The quantities in the brackets have already been calculated in 
the first problem, so that we have 


30,30 = 2 9626. 


The obtained value is very near to that of 7, calculated above, 
proving that the third degree trend-lines well represent the given 





CHARLES JORDAN 309 


quantities. This would not be true in the case of the second degree 
trend-lines ; in fact we should obtain “2g 29= GO W867 widely dif- 
ferent from ‘3, obtained before. 

§ 16. Some. mathematical properties of the orthogonal polvy- 
nomials. Symmetry of the polynomial U1, . If we substitute in 
formula (18) a+6-A-x for x, we get 


UT (atb-h-x)<Ch ey ey Ory ee) 


=-Ch “een ie oy Pee: a sh 


and putting s= 77-2, it follows that 
(45) U,,, (a+ b-h-x)=(-1)"" Dy Ce). 


This formula shows the symmetry of the polynomial. 
Let us consider the particular case, 


Z-a -3(b-a-h) =kh, 
We have, then, 
b-a=(Zk+1t)h, N= 2k+1 
x-az=kh x-b=-(hk+l)h. 
From (45) it follows that 


U,, (arkh)=(-1)” U,, (atkh). 
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Hence we have 


Coad (atkh)s O. 


From equation (45) we easily obtain 


AU, (2) = (-1)""" AU, (arb-2h- x) 


ASU, (Ce) = (-1) or a (atb-sh-x). 


Function-equation of U(x). This can be deduced in the fol- 
lowing way: let us develop J into a series of orthogonal poly- 
nomials ; we find that 


(46) 2U,,C@)=A, UU, +A 


7- 


UT +A 


"7 “177 77747 


oY 


47 


as, in consequence of the orthogonality of these polynomials, the 
ather terms vanish; indeed, ifze is different from 777-1 , 777 and 
71+, it follows that 


b 
a zU,, U,, =0, 


Since equation (46) holds for every value of x. and (a) 
is known for three particular values of x , we can determine the 
coefficients A,. 


We know these values, since equation (21) gives for x= 5 


U,,,(b)« Clm)h™ ( 9°4¢™* ) 


17As C can be dependent of 27, we will write C/,,,)in the following 
formulae, instead of C . 
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and for x=a , after changing a into & and inversely 
7” b-a-h 
Ufa) = Clm\-1) hh (7-2-7 ). 


Moreover, in consequence of the above-mentioned symmetry of 
the polynomials, we have 


The two last equations give by using formula (46) 


(47) al (a) = Fins TF la}+A,, O (a)+ Ay, 7 Oa) 


and 


a (b-hJO,,(b-h) «An 10, (b-h)r AU, (b-h) 
(48) *Arny Uy, (b-h), 


Multiplying both sides of equation (47) by (1) and adding 
it to (48), we find that 


(b+a-h) UL (b-h) = 2Am Oy Cb-h) 


A, =$ (b+a-h). 
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Multiplying both sides of (47) by C1 )”™ and subtracting it from 
(48) yields 


(b-a-h) Uy, (b-h) = ZAg. 1 Up.1(b-h) + ZA m1 Tp, oh) 


Since 


Onn (b-h) = C/m)A a hte 


we find that 


b-a-mbh 
$ (b-2-h)C(m)h 2 A, Cl) 


(6-2a-mhNb-a-mbh-h ) . 


+A. mel) h* mimel) 


As, in consequence of the symmetry of the polynomials, we have 
; b- 4 
U,, (bh) = (-1)""U,, la-h) = Clmph on") 


hence we can deduce two other equations analogous to (47) and 
(48), i.¢., 


b Ug (b) = Ary y Uy y( 2) Amy Cyl 8) Ayn Og (0) 
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and 


(a-/JU, (a-h)« Am-1 Uy. sla-h)+ AU, la-h}tA nis, 4 (a-h). 


After multiplying the second equation by 61)""and subtracting 
the result from the first, we obtain 


$£(b-ath) 0, (be Ap 1, (bAn iG, Hb) 


or 


- A 
(90) Sb-ath)C/m)h P82 A Chm-1) 


2 (6-a1mh}b-atmhth) | 
+tAm.s Clmet)h poe ref 


Finally subtracting (50) from (49), and simplifying, we have 


4 «fmt? Clin) 
741 Hemet) hC (rt) 


We deduce A, _, from (49) by substituting therein the above 
value for 4, ,,, yielding 


ae (b-a)?m*h? = hCm) - 
m1 2f2m+t) Cfm-1) 
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Now the function-equation (46) is known. 

We might have proceeded in another way. Having obtained 
A, by using the equations (47) and (48), we could determine, 
for instance A, , in the usual way by multiplying both mem- 
bers of equation (46) by O,,, and summing % from @ tod, 


o b 
© Onne1 Tm %= Amat Z Umet™ 


x=a ass 


Since CU... 3° is already known from (24), we need only 
determine the first member and this may be done by applying 
formula (3) to the quantity 


LU, (2 U,, ) 


Difference-cquation of UY, (z). We will start from 
‘i mta x-bh 
477,447 04 Cz eval itr}. 


According to equation (1) we have 


xa x-b x-b, px-ath 
al(2/), ( a lens yl movin wb 417 fp 


Therefore 


ATs FE 1” eoa-b-mheh){(7) OCD At ° 
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Applying to this expression formula (2), giving the 7774/th dif- 
ference of a product, it follows that 


(51) AU Ly, 2 [ (2z-a-be m+ Sh)Mip 2h {rl Uy. 


Now let us deduce a second formula for AU, v7 We can 
write this quantity in the following manner 


AY,,,7 -C4 er v2 ml a } | = 


mel 


sy mta 
(rei)? 4 { lele-hyex(h-a-b-2mh) 


Cacmnlfte mh) -|%2) foe ) | }. 


Again using formula (2) to deduce the(7+2)-th difference of 
the preceding product, we have after simplification 


AU, [ x-a+2hNe-b+2h)A*U,, 


+f “og 


+(m+2)h(2x+ Ghera-b)JIU,, + (m+1Nm+é)h*? 7, ] , 











316 APPROXIMATION BY ORTHOGONAL POLYNOMIALS 


Finally, taking into account (51), this equation results in 


(x-a+2hNx-b+ZhJAU, J, +2x-2- b+ Ip- m(m+t)h |p AU yy 


(52) 


- m(m+t)h* Oy, = O. 


This is the required difference-equation ; it is a linear equation 
of the second order and can be solved by Boolc’s method.'* If we 
put F=(z-a)/h the solution will be 


(53) T= Ch Ee (-t) ower") 


This expression of (7 differs from those we obtained in par- 
agraph 6. 

The roots of U, (@):0. L. Fejér'® has demonstrated the fol- 
lowing theorems concerning these roots: 


The roots of Cs (z?-Oare all real and single, they are all sit- 
uated in the interval 


a, b-fA 


Whatever & may be, in the interval a+&4, ax€h+A there is 
at most one root of, 


U,, («) = O 


Fejér showed moreover that if F yy (%. ‘) is a polynomial of 
degree 77, and if in its Newton expansion the coefficient of (= mn ) 


18Boole, Calculus of Finite Differences, 1860, p. 176. 


19See the Appendix in loc. cit. 5 ‘ 
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is equal to unity, the polynomial which minimizes the following 
expression 


z [ 2m Ge) : 


is the orthogonal polynomial U7, ), with the constant C suitably 
chosen.* Indeed the first conditions of a minimum are that 


5 
Z(G) Gm C=O for OSV<m 


x 


and these are identical with the conditions of orthogonality (14). 
The second condition of the minimum is always satisfied in these 
cases, as has been shown in § 5. 

§ 17. Graduation by orthogonal polynomials. Let us consider 
an odd number of consecutive values of x, say <A+/ , and the 
corresponding values of y . A smoothed value of y is wanted 
for the central term, viz. for x=a+4h. This will be obtained by 
determining, according to the principle of least squares, a para- 
bola of degree 77 , so that the sum of the squares of deviations 
between the parabola and the points z, y shall be a minimum. 

The equation of the parabola expressed in orthogonal polyno- 
mials (13) will be 


i, (2)=a,+a,U, (x)+.---+a,U, (x) 


and the smoothed value required is given by 4, (atkh/), 
In consequence of the symmetry of the polynomials, formula 


*See Essher’s first polynomial in § 21. 
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(45), we have U, ,(a+4h/)= O, so that the equation of the 
parabola will give 


f (atkh)=a,+a,U, (atkh)+ agU, (arkh)+--- 


From this formula we see that it is useless to consider parabolas 
of odd degree, as for instance a parabola of the second degree 
will give the same smoothed value for y as would a parabola 
of the third degree. Therefore we will consider only parabolas 
of even degree. 

The values of U3, (avkh)are given by our formulae (18), 
(21), etc., but we can obtain a much simpler formula for them. 
starting from the Function-Equation of U5,,, @¢) given by for- 
mula (46), which, since A,,= a+ , we can write in the fol- 
lowing manner 


(2k+1)*. m*® Urn 1 ite Ulm) 
L2(2m+1) Clm-1) nets 43 Cm) 


(m+1)* Fane , 
Lamet) WC(ms4+1) 


This holds for every value of x . For x= a+kh the term in 
U;,, Will vanish and we have 


2kel-m 2ks14m Clmel 
Urmes (aehn an Oe ET Coast kh). 


This equation can be solved by putting into it successively m=123- 
It follows that 
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U, (atkh)=-kCk+1)C(2)h* 
U, (atkh)e (ZN 'S Deva) h® 


and so on 


U,,,, (arkh)=(1) "hb?" Clem) gM 7). 


For a,_ we have found in § 7 


am 
(4m+11) 0,2, 


” Cm yam akeTeEm) 


Hence if to abbreviate we write 


a+ 177 


am C2 
(54) S, mit) "(4 mel) fBkedEm) 7 ) 


we have 


and finally the required smoothed value of y is given by 


(55) ,,(arkh)= @ +30 + Sy Qe +S, OQ. 
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This formula is also independent of the interval and of the con- 
stant of the orthogonal polynomial used. 

The values of S 2m 
degree and up to 29 ordinates are given in Table II, so the cal- 


necessary up to parabolas of the tenth 


culation of the graduated value is very simple. All we need do 
is to compute the mean binomial moments by Chetverikoff’s meth- 
od (§9) and calculate the corresponding mean orthogonal mo- 
ments Q,, by formula (30). This must of course be repeated 
for every value which is to be graduated. 

Example 7. Nine point graduation, employing second and 
fourth degree parabolas. The given values are 


% ¥ % y 
0 2502 5 2904 
1 2548 6 3064 
2 2597 7 3188 
3 2675 8 3309 
4 2770 


The mean binoniial moments were calculated by the method of 
$9, and were found to be 


T, = 2839, 66667 T= 3182, 21429 
T, = 3014, 97222 142 3229, 87 FOR 
T= 3117, 16667 
Hence the mean orthogonal moments are 
@,= T= 2839, 06667 O, = 14 T,-357,+30E, - 107, 


0, + 275-37, +, = 2908335 + % =-10,33148 


From Table II. we take & = - 161618182 and 5,= 1,13266713. 


| 
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Therefore the smoothed value with a parabola of the second 
degree will be 


f, (4) = 0,+ 5,9 = 2766, 78785 


In the paper loc. cit. ° (p. 31) these values have been approx- 
imated by a parabola of the third degree, the value obtained for 
f,(4) was (p. 33)Z766 78763 according to what has been said, 
this value should be equal to the obtained results for (4) . 

Finally the smoothed value corresponding to a parabola of the 
fourth degree is 


t, (4) = f(A) + 5yQ, = 2772, O637 


BIBLIOGRAPHICAL AND Historical NorTEs.*° 

$18. It was Chebisheff who first introduced orthogonal poly- 
nomials with respect to a discontinuous variable. He! especially 
treated the case of non-equidistant variables, from the mathemat- 
ical point of view, in a very interesting manner, but his results 
were necessarily complicated. As we consider here only equi- 
distant variables, this paper will not be discussed. 

Sut Chebisheff also investigated the case of equidistant poly- 
nomials in two of his papers. In the first “Sur I’Interpolation par 
la Méthode des Moindres Carrés”** he denotes the orthogonal 
polynomial of degree 777 by J, (z) ; the variable x taking values 
differing by unity, from -3 (1Y-1) to FC /Y-1) inclusive. His 
polynomials can be obtained for instance from our formula (21’) 
by putting therein 4=/, a=-3 L£(N-1)and C(m/)*. Formula 
(24) will give 7 gz by pallies into it A=f and C=/m/)* 
where 777/stands for 1,23, -- 27. 

20The numbers of the formulae quoted refer to the present paper. 


21Sur les Fractions Continues. 1855. Oeuvres, T. I. p. 201. 
22OQeuvres 1859. Oeuvres, Tome I. p. 474. 
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In the second paper “Interpolation des valeurs equidistantes” 
in which he introduces such polynomials,”* he denotes the poly- 
nomial of degree 777 by @,(x)and the variable x takes the 
values 1, 2,3, .... (0) 7-1). These polynomials can also be obtained 
from formula (21’) and Z 05 from (24), by putting in them 
heal, a=1, Nen-Land C =(rm1)*. 

§19. J. P. Gram utilized orthogonal polynomials for gradua- 
tion according to the principle of least squares.** He denotes the 
polynomial of degree 777 by VW, (x), the variable x taking the 
values 


-Z£(1y-1), --+-,-L£.01, ---,.$CN-1) 


where /V is an odd number. ‘Then writing 










- 2 7 
Via) Hat My HGH HG yh 


he determines the coefficients by formulae 


FN+L) 
ZZ XW fe)JeO tor OF s<m. 
X=-Z(N-1) 
















There are 777 such equations and 77742 unknown coefficients 
o&. one of them therefore will be arbitrary. Gram disposes of 
the first coefficient which is different from zero in such a manner 
that all the values of VW, («) corresponding to the considered 
values of x shall be integers and as small as possible. 

For instance in the case of V, (x) , it follows that «,= OQ, and 
in order to have Y; Ce =x ,he puts ~,-/ 
Practically he uses only polynomials of the first, second and 






231875. Oeuvres, T. II. p. 270. 219. 
24Ueber partielle Ausgleichung mittelst Orthogonalfunktionen, Bulletin de 
l’Association des Actuaires Suisses, 1915. 
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third degrees; and gives tables for V, (x) and WV, (x) available 
for /YV¥=79,11,---,2f and containing the corresponding values 
of 


LY, ZH ZK. 


The values of V, (z) can he obtained, for instance, from our 
formula (21’), if we put therein h=1, a=-3 £(N-1) , and either 
Cz-1 , if (/V-1)(7V-2) is not divisible by three, or C=-% if 
it is so divisible. 

The values of U, (/) are also obtained from the a — 
by putting into it 4=1, a=-z 1(/V-/) and either C= - = 
(N-2) N-3) is not divisible by five, or C=- %o ‘ i it is so 
divisible. C= =% corresponds to W, (aJexs 

Formula (24) would give the values of 2 V; ye Yrand Z Y,,* 
of the table, if we were to substitute H=/ , and for C the 
respective values above-mentioned. , 

In order to give an example, Gram calculates the smoothed value 
corresponding to an eleven-point parabola of the second degree 
(p. 12). His calculation is short enough, but our general method 
is still shorter, as may be judged from the following determina- 
tion of the smoothed central value of his example. 

In the first column we have written the values of y  corre- 
sponding to a reversed order of magnitude of x ; the other col- 
umns have been obtained by simple addition, as indicated in § 9. 


194 194 194 194 
179 373 567 761 
212 1152 1913 
124 1861 3774 
780 3350 7124 
000 4839 11963 
504 6832 18795 
244 9069 27864 
000 11306 39170 
582 14125 

000 
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Lieuce 





Ty = Q, = 2819/11 = 256, 2727 27... 
7, = 14129/595 = 256,81818... 


= 39170/165= 237, 393939... 



















O,=& 2°-9h,+]% = - FY, 3939... 


To have the smoothed value, we take from Table II., 
S,=-1,92307694 
aud it follows that the required smoothed value is 


hlathh)= @,+SyQ = 3352, O503 





agreeing with Grami's result. 

Although the calculation has been executed to nine figures, it 
is a very short one. 

§ 20. Ch. Jordan “Sur une série de polynomes dont chaque 
somme partielle représente la meilleure approximation d’un degré 
donné suivant la méthode des moindres carrés.”*> (1921) In this 
paper the author treats the mathematical theory of orthogonal 
polynomials for equidistant values in the general case. Many of 
their mathematical properties are demonstrated: formulae, differ- 
ence-equations, function-equations of these polynomials are given 
and some interesting propusitions concerning their roots are dem- 
onstrated. Two particular polynomials were introduced. In the 


25Proceedings of the London Mathematical Society, Vol. XX., p. 297. 
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first, denoted by Q,, (2. x takes the values 2, a+h,a+2h,--, b-h, 
where 5=a+/VA; and /V is an integer. ‘he constant C was 
chosen as 


C= ml f27h”, 


‘This was done, as has been mentioned, so that for @=-7 , b=f 
and A=O the limit of the polynomial Q,,, @) should be identical 
with [.egendre’s polynomial. 


The second particular case denoted by gf) was obtained 
from @,, @/ by putting 4-7, a=O and b=/V. There are tables 
in this paper giving the values of ¢,, (<) for m=1,2 534 4, for 
/V= mel m+Z--20and for the values of #= OL12Z--, /V-7. 
Moreover there is a table giving =," for 72-1234 7 and 


for V= mel, m+Z-+-+ ZO. 


The problem of approximation was solved in this paper by 
formula (14) of the present work in the following manner :—the 
coefficients @,,, were calculated from formula (13)above:Zy¢_ () 
was computed first by multiplying every value of y by the cor- 
responding values of g,,(%/) taken from the tables mentioned 
and then the products were added. The quantity Zam* was 
taken likewise from the tables. 

The coefficients 2,, being known, the mean square deviation 
was calculated by formula (32’). And finally, the required values 
of 4, (%) were obtained by using formula (14), and by taking 
the necessary values of 9, (x) from the tables. 

In a second paper “Berechnung der Trendlinie auf Grund der 
Theorie der kleinsten (uadrate’*" the determination of the coeffi- 
cients 2, has been much simplified. These were obtained by 
multiplying the binomial moments by certain numbers, and were 
easi ay calculated with the aid of a table of binomial coefficients 
( Vv a These tables exhibit the values given for /Y up to 55 and 


~~ 20Mitteilungen der Ungarischen Landeskommission fiir Wirtschaftsstatistik 
und Konjunkturforschung. Budapest, 1930. 
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for V up to ten, and are sufficient for parabolas up to the tenth 
degree. Although the calcuiation of re. was not necessary for 
the determination of @,, , nevertheless it had to be evaluated 
for the determination of the mean square deviation. For this 
purpose a very simple formula was given for Z Q,2 (p. 45). 

In this paper the method of approximation by orthogonal 
polynomials has been freed from the tables giving the values of 
these polynomials corresponding to the given x values. These 
tables would be very voluminous if we wanted them extended 
up to one hundred observations and to parabolas up to the tenth 
degree. 

This has been attained by giving formulae which permit us to 
pass easily from the orthogonal expansion of the approximating 
parabola to its Newton series, which gives directly the required 
values by means of the method of addition of the differences and 
by calculating the coefficients @,, without the evaluation of 


Ly Q,, (Ce). 


The third paper “Sur la détermination de la tendance séculaire 
des grandeurs statistiques par la méthode des moindres carrés.”*" 
(1930) published somewhat later than the second, differs from 
it inasmuch as it introduces the mean orthogonal moments, giving 
(p. 585) a table for their calculation for parabolas up to the tenth 
degree,—the present table I. The coefficients a,, , the quantities 


2 
2 Oo" figuring in the formula of the mean square deviation, 


and those of omer 2,2 figuring in that of the different coeffi- 


cients of correlation, are expressed by these moments. The calcu- 
lation of Z Qo; became needless, which is very fortunate since 


27Journal de la Socidté Hongroise de Statistique, 1929, T. VII. p. 567. 
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these numbers are very large if /V_ is large, and it would there- 
fore be difficult to operate with such numbers. The table of the 
binomial coefficients has been extended sufficiently for one hun- 
dred observations (/V up to 105). 

Finally, in the present paper the orthogonal polynomials are 
left in the general form. the arbitrary constant remains entirely 
in the background, the coefficients @,,, are no longer calculated, 
the mean orthogonal moments alone are used, and by the aid of 
these quantities the Newton expansion of the approximating para- 
bola and also the mean square deviation and the coefficients of 
correlation are directly obtained. All unnecessary matter has been 
cleared away. 

Table Il. giving numbers Sz, useful for graduation, and 
Table III. rendering it easier to establish Newton's formula, are 
new. ‘Table 1V. of the binomial coefficients has been extended by 
a few lines (up to 110) in order to suffice for parabolic approxi- 
mation of the tenth degree by the new formulae. 

§21. M. F. Essher “Ueber die Sterblichkeit in Schweden 
1886-1914" denotes in this paper the orthogonal polynomial of 
degree mm by F (&/); x taking the values of -3(N-1)--,3(W-L) 
Since the coefficient of x” is taken as equal to unity, therefore 
the constant C ol the polynomial U7, fis, according to formula 
(21’), C=m WYO 7 Putting this value into (21’), and writing 
hz 1,a--$ (V-1). it will give the values of Essher’s polynomial 
corresponding to a given X . Formula (24) gives for the above 
value of C and A=7 









b 
e Crnl)* ep 
Balm (py (2mes 









In a second paper “On Graduation according to the Method of 
Least Squares by Means of Certain Polynomials’**, Essher has 





?°Medelanden fran Lunds Astronomiska Observatorium, Lund 1920. 
*°FOrsakringsaktiebolaget Skandia 1855-1930, Stockholm, 1930. p. 107. 
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employed other orthogonal polynomials, denoting them byX m (=) 
the variable x taking the values of 1,2,3,...., WW. Adopting 
Lorens’s point of view ($22), he chose the constant C in such 
a manner that 7X fe should be equal to WV. From our formula 
(24+) we conclude that in this case 


In this way the expression 7X = becomes very simple, but the 
polynomials themselves become complicated. 

Putting A=, a=1 , and the above value of C into formula 
(21’) we have 


m+l 


Scellanis -/V-1 V)7 NV+ 
(BRM) Gog OV IC med? 


The coefficient a,, in an expression by Essher’s polynomials 
is expressed very simply by our method. Indeed from (32) we 
vet, if we put in this equation A=/ and the value or C above, 


Ay « G,,, fe ay 


where @,,, is the mean orthogonal moment of degree m and C,,, 
the number given by formula (34), or Cn =| Go| taken from 
Table III. 

As a comparison let us determine the graduated value corre- 
sponding to Age 52, Essher’s example 10. (p. 116) 

The first column below contains the given values corresponding 
to 2% in an inverted order of magnitude; the other columns are 
obtained by the method of §9. The graduation for the central 
value will be obtained by an eleven-point parabola of the second 
degree. 
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674 674 674 674 
873 1547 2895 
1005 2552 : 7668 
1216 3768 8541 16209 
1331 5099 13640 29849 
1239 6338 19978 49827 
1640 7978 27956 77783 
1385 9363 37319 115102 
1366 10729 48048 163150 
1315 12044 60092 

851 12895 


l.et us remark, that these numbers figure in Eyssher's table (p. 


117). We shall have 


= 0,- 12895/11= 1172, 272727... 
60092/55 = 1092, 581818... 
163150/165 = 988, 7876... 


Hence 


O, = £7,-37, +7, =-127, 896969... 


rom Table Il. we take Sg =-1, 9230 7694 and finally the 


required graduated value will be 


0, + 5p Gp = 1418 22 


agreeing with /issher’s result. 

§ 22. P. Lorentz in the first edition of his paper “Der Trend’’*° 
introduced orthogonal polynomials, distinguishing two cases ac- 
cording as the number of, observations was either even or odd. 
He denoted polynomials of degree 77 byX,,, (¢/ and chose them 
so that 7X. e should be equal to /Y. 

If mm is odd the variable takes the values 


-$(N-1),:---,-4, @ Z,  3(N-1) 


80Vierteljahreshefte zur Konjunkturforschung. Sonderheft 9, Berlin, 1928. 
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and the value of C in U,, ) corresponding to the above con- 
dition, taken from (24), is 


C= 


r zm, Fed 


Hence X,,, is given by formula (21’) by putting in it the above 
value of C and placing 4=1, a=-$(/V-1), so that we have 


X,, (%)= [Fm (TO (jem x > et omy Nem yc P N- -t) 


If 77 is even, the variable in X, (@ takes the values 


-(IV-1), -(N-3), -»» -1, 1,3, -++, CIV-4) 


and the value of C corresponding to the condition 7X an Nwill 
be obtained from (24) by putting A=2, so that 


IV 


ud 
OL eH 2 met 


The polynomial is given by (21’) by placing in it this value of 
C and 4-2, a=-(/y-1) Hence it follows that 


X,, (4) « inl) z Ey SULIT Y 
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Whether /V be odd or even, the coefficient of @,, is given by 


vur tormula (32), the same formula appearing in Essher's expan- 


sion, 7.¢., 


Here @ is the mean orthogonal moment of degree 7m ,andC, mis 
given by formula (34), or since Cy, = | ‘mol , by Table III. 

The paper contains five decimal tables giving X, 7) corre- 
sponding to the necessary integer values of % upto m= 4 and 
/V up to 60. There are also other tables useful for the transfor- 
mation of the orthogonal series into a power series, and also a 
table enabling one to change the interval of one year into that of 
one month, 

The second edition of the paper does not differ in principle 
from the first. The polynomials remain the same, but the tables 
for X,,, () have been extended for 777 up to six, and for /V up 
to eighty. 

The only advantage that Lorentz’s method possesses over ours 
is that when applying Chetverikoff’s method to the determination 
of binomial moments the calculation in his system is a little easier, 
since the numbers to be added contain one or two figures less. 
But as this operation is generally made by calculating machines, 
this is but a slight advantage, and this is largely compensated for 
in the subsequent operations. 

As an example, let us determinate the coefficients corresponding 
to Lorentz’s polynomials in the orthogonal expansion of the ex- 
ample in § 13. There, the mean orthogonal moments found were 


= 9942, 3333 O,- 183 
971, 3333 6, ° 351, 666 
38, 5333 95 =-1152 
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We have seen that C,=/; the other numbers C,,, = |C io al are 
taken from Table II., their square roots being 


VC, = 1,463 850109 JGQ= 1, 336 306 210 
= 0,912 870929 \C,=Q462 910 O50 
MC, = O, 154 303 350 


Finally, the required coefficients @,, are given by our formula 


Arn a 


2p = 9942, 33333 a,= 1421 88641 


51, 49233 162, T9003 


8,* -/77, 57459 


in accordance with Lorentz’s results. 


The corresponding mean square deviations would be given by 


S.* 2 2 2 2 
Sn =p HY 20-8, owe s 


Charl; Vue 








TABLE Ill 


These numbers are given to ten figures, although generally fewer 
will be sufficient, especially if as is generally the case the mean 
orthogonal moments are all of the same order of magnitude. In 
this event, a fixed number of decimals, properly chosen will suffice. 


The numbers C,,,, given are checked by the relation: 
mel 


Z, Gas = med 


Remark. 


- Cro zemed and Lim Ons *O if s#O. 





336 APPROXIMATI BY ORTHOGONAL POLYNOMIALS: 


0,5 
1 
1,428 571 429 | -2,142 857 142 
0,857 142 857 1 1,785 714 286 | -2,142 857 143 
0,75 2,083 333 333 | -2,083 333 333 
0,666 666 666 7 | 2,333 333 333 | -2 
0,6 2,545 454 545 | -1,909 090 909 
0,545 454 545 5 | 2,727 272 727 | -1,818 181 818 
0.5 2,884 615 385 | -1,730 769 231 
0,461 538 461 5 | 3.021 978 021 | -1,648 351 648 
0,428 571 428 6 | 3,142 857 143 | -1,571 428 571 
0.4 3.25 -1,5 
0,375 3.345 588 235 | -1,.433 823 529 ~ 
0,352 941 176 4 | 3,431 372 549 | -1,372 549 020 
0,333 333 333 3 | 3,508 771 930 | -1,315 789 474 
0,315 789 473 6 | 3,578 947 368 | -1,263 157 894 
2.7 0,3 3,642 857 143 | -1,214 285 714 
-2,714 285 714 | 0.285 714 285 7 | 3,701 298 702 | -1,168 831 169 
-2,727 272 727 | 0,272 727 2727 | 3,754 940 711 | -1,126 482 213 
0,260 869 565 2 | 3,804 347 826 | -1,086 956 522 
0,25 3.85 -1,05 
0,24 3.892 307 692 |-1,015 384 615 
0,230 769 230 8 | 3,931 6235 933 |-0,982 905 982 9 
0,222 222 222 2 | 3,968 253 969 |-0,952 380 952 4 
0,214 285 714 2 | 4,002 463 055 | -0,923 645 320 5 
0,206 896 551 6 | 4,034 482 758 | -0,896 551 723 9 
0,2 4,064 516 128 | -0,870 967 741 8 
0,193 548 387 1 | 4,092 741 935 |-0,846 774 193 4 
0,1875 4,119 318 182 | -0,823 863 636 4 
0,181 818 181 8 | 4,144 385 026 |-0,802 139 037 4 
0,176 470 588 2 | 4,168 067 225 |-0,781 512 605 1 
-2,828 571 429 | 0,171 428 571 4 | 4,190 476 192 | -0,761 904 761 9 
-2,833 333 333 | 0,166 666 666 7 | 4,211 711 712 | -0,743 243 243 3 
0,162 162 162 2 | 4,231 863 442 |-0,725 462 304 4 
0,157 894 736 8 | 4,251 012 146 | -0,708 502 024 3 
0,153 846 153 8 | 4,269 230 769 |-0,692 307 692 3 
0,15 4,286 585 369 | -0,676 829 268 3 
0,146 341 463 4 | 4,303 135 888 | -0,662 020 905 9 
0,142 857 142 9 | 4,318 936 877 | -0,647 840 531 5 
0,139 534 883 7 | 4,334 038 055 | -0,634 249 471 4 
0,136 363 636 4 | 4,348 484 848 | -0,621 212 121 2 
0,133 333 333 3 | 4,362 318 840 | -0,608 695 652 1 
0,130 434 782 6 | 4,375 578 168 |-0,596 669 750 2 
0,127 659 574 6 | 4,388 297 872 | -0,585 106 382 9 
0,125 4,400 510 204 |-0,573 979 591 8 
0,122 448 979 6 | 4,412 244 898 |-0,563 265 306 1 
0,12 4,423 529 411 |-0,552 941 176 4 
50|-2,882 352 941 | 0,117 647 058 8 | 4,434 389 140 |-0,542 986 425 4 





-2,898 305 085 
-2,9 

-2,901 639 344 
-2,903 225 806 
-2,904 761 905 


0,115 384 615 4 
0,113 207 547 2 
0,111 111 111 1 
0,109 090 909 1 
0,107 142 857 1 
0,105 263 157 9 
0,103 448 275 9 
0,101 694 915 3 
0,1 

0,098 360 655 74 
0,096 774 193 54 
0,095 238 095 24 
0,093 750 

0,092 307 692 30 
0,090 909 090 91 
0,089 552 238 80 
0,088 235 294 12 
0,086 956 521 74 
0,085 714 285 72 
0,084 507 042 26 
0,083 333 333 33 
0,082 191 780 82 
0,081 081 081 08 
0,08 

0,078 947 368 42 
0,077 922 077 92 
0,076 923 076 92 
0,075 949 367 08 
0,075 

0,074 074 074 07 
0,073 170 731 70 
0,072 289 156 62 
0,071 428 571 42 
0,070 588 235 30 
0,069 767 441 86 
0,068 965 517 24 


0,068 181 818 18 


0,067 415 730 34 
0,066 666 666 67 
0,065 934 065 93 
0,065 217 391 30 
0,064 516 129 04 
0,063 829 787 24 
0,063 157 894 74 
0,062 5 

0,061 855 670 10 
0,061 224 489 80 
0,060 606 060 61 
0,06 

0,059 405 940 59 


4,444 847 606 
4,454 926 625 
4,464 646 465 
4,474 025 974 
4,483 082 706 
4.491 833 031 
4,500 292 227 
4,508 474 576 
4,516 393 442 
4,524 061 343 
4,531 490 014 
4.538 690 476 
4.545 673 077 
4,552 447 552 
4/559 023 067 
4,565 408 253 
4.571 611 254 
4,577 639 752 
4,583 501 007 
4,589 201 879 
4,594 748 858 
4,600 148 094 
4.605 405 405 
4.610 526 316 
4,615 516 062 
4,620 379 620 
4,625 121 713 
4,629 746 835 
4,634 259 260 
4,638 663 052 
4,642 962 091 
4,647 160 068 
4.651 260 504 
4,655 266 758 
4,659 182 037 
4,663 009 403 
4,606 751 789 
4,670 411 986 
4,673 992 674 
4,677 496 416 
4,680 925 664 
4,684 282 773 
4,687 569 990 
4,690 789 473 
4,693 943 301 
4,697 033 453 
4,700 061 841 
4,703 030 303 
4,705 940 594 
4,708 794 409 


-0,533 381 712 7 
- 0,524 109 014 7 
-0,515 151 515 2 
-0,506 493 506 5 
-0,498 120 300 7 
-0,490 018 148 9 
-0,482 174 167 2 
-0,474 576 271 2 
-0,467 213 114 7 
-0,460 074 034 9 
-0,453 149 001 5 
- 0,446 428 571 4 
-0.439 903 846 2 
- 0.433 566 433 6 
- 0,427 408 412 5 
-0,421 422 300 3 
-0,415 601 023 1 
~ 0.409 937 888 2 
- 0,404 426 559 4 
- 0,399 061 032 9 
- 0,393 835 616 4 
- 0.388 744 909 4 
~ 0,583 783 783 8 
- 0,378 947 368 4 
- 0,374 231 032 1 
- 0,369 630 369 6 
- 0,365 141 187 9 
- 0,360 759 493 7 
- 0,356 481 481 5 
- 0,352 303 523 0 
- 0,348 222 156 8 
- 0,344 234 079 1 
- 0,340 336 134 4 
- 0,336 525 307 8 
- 0,332 798 716 9 
- 0,329 153 604 9 
- 0.325 587 334 1 
- 0,322 097 378 4 
- 0,318 681 318 7 
-0,5F15 336 837 0 
- 0,312 061 711 0 
- 0,308 853 809 2 
- 0,305 711 086 3 
- 0,302 631 578 9 
- 0,299 613 402 2 
- 0,296 654 744 5 
-0,293 753 865 1 
- 0,290 909 090 9 
—0,288 118 811 9 
-0,285 381 479 3 
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Cx 


nN Ww 


1,428 571 429 
1,071 428 572 
0,833 333 333 3 
0,666 666 666 7 
0,545 454 545 5 
0,454 545 454 5 
0,384 615 384 6 
0,329 670 329 7 
0,285 714 285 7 
0,25 

0,220 588 235 2 
0,196 078 431 4 
0,175 438 596 5 
0,157 894 735 8 
0,142 857 142 9 
0,129 870 129 9 
0,118 577 075 1 
0,108 695 652 2 
0,1 

0,092 307 692 28 
0,085 470 085 50 
0,079 365 079 38 
0,073 891 625 64 
0,068 965 517 22 
0,064 516 129 02 
0,060 483 870 96 
0,056 818 181 82 
0,053 475 935 83 
0,050 420 168 07 
0,047 619 047 62 
0,045 045 045 05 
0,042 674 253 20 
0,040 485 829 96 
0,038 461 538 46 
0,036 585 365 86 
0,034 843 205 57 
0,033 222 591 36 
0,031 712 473 57 
0,036 303 030 30 
0,028 985 507 24 
0,027 752 081 14 
0,026 595 744 68 
0,025 510 204 08 
0,024 489 795 92 
0,023 529 411 76 
0,022 624 434 39 


-~@2 





C3 


Oo 






- 0,5 
- 0,833 333 333 3 
- 1,166 666 667 
- 1,484 848 485 
-1,781 818 182 
-2,055 944 056 
- 2,307 692 308 
-2,538 461 538 
-2,75 

-2,944 117 648 
- 3,122 549 020 
-3,286 893 705 
- 3,438 596 491 
- 3,578 947 369 
- 3,709 090 909 
-3,830 039 526 
-3,942 687 747 
-4,047 826 087 
-4,146 153 846 
-4,238 290 598 
-4,324 786 325 
-4.406 130 268 
-4,482 758 621 
-4,555 061 179 
- 4,623 387 098 
—4,688 049 852 
- 4,749 331 550 
- 4,807 486 633 
- 4,862 745 098 
-4,915 315 315 
- 4,965 386 439 
~ 5,013 130 540 
-5,058 704 454 
-5,102 251 407 
-5,.143 902 439 
-5,183 777 652 
-5,221 987 315 
-5,258 632 840 
-5,293 807 641 
-5,327 597 903 
-5,360 083 256 
-5,391 337 386 
-5,421 428 571 
-5,450 420 168 
-5,478 371 040 
-5,505 335 952 





0.8 
1,5 
2 
2,333 333 333 
2,545 454 545 
2.672 727 273 
2,741 258 742 
2,769 230 769 
2,769 230 769 
275 

2.717 647 060 
2,676 470 588 
2,629 514 964 
2,578 947 308 
2,526 315 790 
2,472 727 273 
2,418 972 332 
2,365 612 648 
2,313 043 478 
2.261 538 461 
2,211 282 051 
2,162 393 163 
2.114 942 528 
2.068 965 517 
2,024 471 635 
1,981 451 613 
1,939 882 697 
1,899 732 620 
1.860 962 568 
1,823 529 412 
1,787 387 387 
1,752 489 332 
1,718 787 614 
1,686 234 818 
1,654 784 240 
1,624 390 244 
1,595 008 508 
1,566 596 194 
1,539 112 051 
1,512 516 469 
1,486 771 508 
1,461 840 888 
1,437 68% 970 
1,414 285 714 
1,391 596 639 
1,369 592 760 
1,348 245 539 


















































C32 


=2 


-25 


-25 


~2,333 333 333 
-2,121 212 121 

- 1,909 090 909 
-1,713 286 714 

- 1,538 461 538 

- 1,384 615 384 
-1,25 

-1,132 352 941 

- 1,029 411 765 
-(),939 112 487 0 
-0,859 649 122 8 
-0,789 473 684 2 
-0,727 272 727 3 
-0,671 936 758 9 
-0,622 529 644 3 
- 0,578 260 869 6 
-0,538 461 538 4 
-0,502 564 102 5 
- 0,470 085 470 1 
- 0.440 613 026 8 
- 0,413 793 103 4 
- 0.389 321 468 2 
- 0,366 935 484 0 
- 0,346 407 624 5 
-0,327 540 106 9 
- 0,310 160 427 9 
- 0,294 117 647 1 
- 0,279 279 279 3 
- 0,265 528 686 6 
- 0,252 762 884 4 
- 0,240 89%) 688 2 
- 0,229 831 144 5 
-0,219 512 195 1 
-0.209 869 540 6 
-0,200 845 666 0 
-0,192 389 006 4 
-0,184 453 227 9 
-0,176 996 608 1 
-0,169 981 498 6 
-0,163 373 860 2 
-0,157 142 857 1 
-0,151 260 504 2 
-0,145 701 357 4 
-0,140 442 243 7 








0,021 770 682 15 
0,020 964 360 59 
0,020 202 020 20 
0,019 480 519 48 
0,018 796 992 48 
0.018 148 820 33 
0,017 533 606 08 
0,016 949 152 54 
0,016 393 442 62 
0,015 864 621 89 
0,015 360 983 10 
(),014 880 952 38 
0,014 423 076 92 
0,013 986 013 99 
0,013 568 521 03 
0,013 169 446 88 
0,012 787 723 79 
0,012 422 360 25 
0,012 072 434 61 
0,011 737 089 20 
0,011 415 525 11 


- 5,531 365 909 
- 5,556 508 480 
- 5,580 808 081 
- 5,604 306 221 
- 5,627 041 743 
- 5,649 051 031 
- 5,670 368 206 
- 5,691 025 285 
-5,711 052 353 
- 5,730 477 702 
-5,749 327 957 
- 5,767 628 207 
- 5,785 402 099 
- 5,802 671 956 
- 5,819 458 856 
- 5,835 782 722 
- 5,851 662 406 
- 5,867 115 739 
- 5,882 159 623 
- 5,896 810 084 
- 5,911 082 314 
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Coy 


1,327 527 818 
1,307 413 760 
1,287 878 788 
1,268 899 522 
1,250 453 721 
1,232 520 225 
1,215 078 901 
1,198 110 586 
1,181 597 038 
1,165 520 888 
1,149 865 591 
1,134 615 385 
1,119 755 245 
1,105 270 849 
1,091 148 535 
1,077 375 272 
1,063 938 619 
1,050 826 699 
1,038 028 169 
1,025 532 189 
1,013 328 397 


-0,135 462 022 3 
- 0,130 741 376 0 
- 0,126 262 626 3 
- 0,122 009 569 4 
-0,117 967 332 1 
-0,114 122 243 1 
-0,110 461 718 3 
-0,106 974 159 5 
- 0,103 648 863 0 
-0,100 475 938 7 
- 0,097 446 236 56 
- 0,094 551 282 08 
-0,091 783 216 80 
- 0,089 134 745 86 
- 0,086 599 090 12 
- 0,084 169 943 11 
- 0,081 841 432 26 
- 0,079 608 083 30 
-0,077 464 788 72 
- 0,075 406 778 57 
- 0,073 429 593 96 


0,011 106 997 41 | -5,924 990 742 1,001 406 886 -0,071 529 063 28 
0,010 810 810 81 | -5,938 549 075 0,989 758 179 3| -0,069 701 280 23 
0,010 526 315 79 | -5,951 770 335 0,978 373 205 7 | - 0,067 942 583 73 
0,010 252 904 99 | -5,904 666 912 0,967 243 283 1] - 0,066 249 539 94 
0,009 990 009 990 | -5,977 250 597 0,956 360 095 6 | -0,064 618 925 38 
0,009 737 098 344 | -5,989 532 620 0,945 715 676 8 | -0,063 047 711 78 
0,009 493 670 8&6 | -6,001 523 676 0,935 302 391 0} -0,061 533 052 04 
0,009 259 259 259 | -6,013 233 966 0,925 112 917 8 | -0,060 072 267 39 
0,009 033 423 666 | - 6,024 673 219 0,915 140 235 7 | -0,058 662 835 62 
0,008 815 750 806 | -6,035 850 720 0,905 377 608 0} -0,057 302 380 25 
0,008 605 851 978 | -6,046 775 336 0,895 818 568 4] -0,055 988 660 52 
0,008 403 361 344 | -6,057 455 540 0,886 456 908 3 | - 0,054 719 562 24 
0,008 207 934 343 | - 6,067 899 429 0,877 286 664 4} - 0,053 493 089 29 
0,008 019 246 192 | -6,078 114 748 0,868 302 106 9} - 0,052 307 355 8&4 
0,007 836 990 594 | - 6.088 108 908 0,859 497 728 2} -0,051 160 579 06 
0,007 660 878 450 | —6,097 889 003 0,850 868 232 9 | -0,050 051 072 53 
0,007 490 636 706 | -6,.107 461 827 0,842 408 527 8| - 0,048 977 239 99 
0,007 326 007 326 | -6,116 833 891 0,834 113 712 4 | -0,047 937 569 68 
0,007 166 746 296 | -6,126 011 436 "825 979 070 0} - 0,046 930 628 98 
0,007 012 622 718 | -6,135 000 448 0,818 000 059 7 | - 0,045 955 059 53 
0,006 863 417 982 | -6,143 806 668 0,810 172 307 9 | - 0,045 009 572 66 
0,006 718 924 974 | -6.152 435 610 0,802 491 601 3} -0,044 092 945 12 
0,006 578 947 368 | -6,160 892 566 0,794 953 879 5 | -0,043 204 015 19 
0,006 443 298 972 | -6,169 182 621 0,787 555 228 2| - 0,042 341 678 94 
0,006 311 803 074 | -6,177 310 662 0,780 291 873 1} - 0,041 504 886 87 
0,006 184 291 896 | -6,185 281 385 0,773 160 173 2} - 0,040 692 640 69 
0,006 060 606 060} -6,193 099 310 0,766 156 615 7 | - 0,039 903 990 40 


0,005 940 594 059 
0,005 824 111 823 


- 0,039 138 031 45 
-0,038 393 902 22 


- 6,200 768 783 
- 6,208 293 988 


0,759 277 810 1 








ee ] 

1,666 666 667 
1.166 666 667 
0,848 484 848 5 
0.636 363 636 4 
0,489 510 489 6 
0,384 615 384 6 
0,307 692 307 6 
0,25 

0.205 882 353 
0,171 568 627 : 
0,144 478 844 
0,122 807 017 5 
0,105 263 157 
0,090 909 090 91 
0.079 051 383 40 
0,069 169 960 48 
0,060 869 565 22 
0,053 846 153 84 
0.047 863 247 86 
0.042 735 042 74 
0,038 314 176 24 
0,034 482 758 62 
0,031 145 717 46 
0,028 225 806 46 
0,025 659 824 04 
0,023 395 721 92 
0,021 390 374 34 
0.019 607 843 14 
0.018 018 018 02 
0,016 595 542 91 
0,015 318 962 69 
0,014 170 040 49 
0,013 133 208 26 
0,012 195 121 95 
0,011 344 299 49 
0,010 570 824 52 
0,009 866 102 890 
0,009 222 661 396 
0,008 633 980 882 
0,008 094 357 076 
0,007 598 784 194 
0,007 142 857 142 
0,006 722 689 076 
0,006 334 841 628 
0,005 976 265 688 


0,071 428 571 43 
0,214 285 714 3 
0,409 090 909 1 
0,636 363 636 4 


0.881 118 881 1 
1,132 867 133 
1,384 615 385 
1,631 868 132 
1,871 848 739 
2,102 941 177 
2,324 303 405 
2,535 603 715 
2.736 842 104 
2,928 229 666 
3.110 107 283 
3.282 891 022 
3.447 035 573 
3,603 010 033 
3,751 282 051 
3.892 307 693 
4,026 525 199 
4.154 351 396 
4.276 179 883 
4,392 380 423 
4,503 209 121 
4,609 259 101 
4,710 561 498 
4,807 486 632 
4,900 295 253 
4,989 229 831 
5,074 515 814 
5,156 362 841 
5,234 965 933 
5,310 506 567 
5,383 153 716 
5,453 064 803 
5,520 386 590 
5,585 255 997 
5,647 800 858 
5,708 140 610 
5,766 386 943 
5,822 644 377 
5,877 010 804 
5,929 577 985 
5,980 431 999 
6,029 653 662 


-0,357 142 857 2 
-0,857 142 857 2 


- 1,363 636 364 
-1,818 181 818 
-2,202 797 203 
2,517 482 517 
-2,769 230 769 
- 2,967 032 967 
-3,119 747 899 
-3,235 294 118 
-3,320 433 436 
-3,380 804 953 
—3,421 052 630 
- 3,444 976 077 
- 3,455 674 759 
-3,455 674 760 
~3,447 035 573 
- 3,431 438 127 
-3,410 256 410 
-3,384 615 385 
-3,355 437 666 
-3,323 481 117 
-3,289 369 141 
- 3,253 615 128 
-3,216 642 229 
-3,178 799 380 
-3,140 374 332 
-3,101 604 278 
- 3,062 684 533 
- 3,023 775 655 
-2,985 009 302 
-2,946 493 052 
-2,908 314 407 
-2,870 544 090 
-2,833 238 798 
-2,796 443 488 
-2,760 193 295 
-2,724 515 121 
-2,689 428 980 
-2,654 949 121 
-2,621 084 974 
-2,587 841 945 
-2,555 222 089 
-2,523 224 675 
-2,491 846 666 
-2,461 083 127 


1,071 428 571 
1,928 571 429 
2,454 545 455 
2,727 272 727 
2,832 167 832 
2,832 167 832 
2,769 230 769 
2,670 329 670 
2,552 521 008 
2,426 470 589 
2,298 761 610 
2,173 374 613 
2,052 631 578 
1,937 799 043 
1,829 474 872 
1,727 837 380 
1,632 806 324 
1,544 147 157 
1,461 538 461 
1,384 615 385 
1,312 997 347 
1,246 305 419 
1,184 172 891 
1,126 251 391 
1,072 214 076 
1,021 756 943 
0,974 598 930 5 
0,930 481 283 5 
0,889 166 477 4 
0,850 436 903 0 
0,814 093 446 0 
0,779 954 043 1 
0,747 852 276 1 
0,717 636 022 5 
0,689 166 194 0 
0,662 315 563 1 
0,636 967 683 5 
0,613 015 902 2 
0,590 362 459 0 
0,568 917 668 8 
0,548 599 180 6 
0,529 331 307 0 
0,511 044 417 7 
0,493 674 392 9 
0,477 162 127 6 
0,461 453 086 4 





0,005 
0,005 
0,005 
0,004 
0,004 


644 250 928 
336 382 694 
050 505 051 
784 688 996 
537 205 082 


0,004 306 499 738 


0,004 
0,003 
0,003 
0,003 
0,003 
0,003 
0,003 
0,002 
0,002 
0,002 
0,002 
0,002 
0,002 
0,002 
0,092 
0,002 
0,001 
0,001 
0,001 
0,001 
0.001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,901 
0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,000 
0,000 
0,000 
0,000 


091 174 752 
889 969 436 
701 745 108 
525 471 532 
360 215 054 
205 128 206 
059 440 560 
922 450 684 
793 519 036 
672 061 686 
557 544 758 
449 479 480 
347 417 840 
250 948 614 
159 693 940 
073 306 182 
991 465 149 
913 875 598 
840 264 998 
770 381,517 
703 992 210 
640 881 388 
580 849 142 
523 710 016 
469 291 801 
417 434 443 
367 989 056 
320 817 020 
275 789 167 
232 785 038 
191 692 203 
152 405 647 
114 827 202 
078 865 034 
044 453 171 
011 451 071 
979 843 225 0 
949 538 795 4 
920 471 281 2 
892 578 212 2 


0,000 865 800 865 8 


0,000 
0,000 


840 084 008 4 
815 375 655 2 


U,600 791 626 849 8 


6,077 318 907 
6,123 499 143 
6,168 261 563 
6,211 669 457 
6,253 782 470 
6,294 656 864 
6,334 345 746 
6,372 899 282 
6,410 364 887 
6,446 787 416 
6,482 209 321 
6,516 670 830 
6,550 210 049 
6,582 863 143 
6,614 664 415 
6,645 646 448 
6,675 840 208 
6.705 275 129 
6,733 979 218 
6,761 979 132 
6,789 300 259 
6,815 966 796 
6,842 001 810 
6,867 427 310 
6,892 264 298 
6,916 532 835 
6,940 252 082 
6,963 440 362 
6,986 115 193 
7,008 293 336 
7,029 990 839 
7,051 223 066 
7,072 004 744 
7,092 349 982 
7,112 272 313 
7,131 784 720 
7,150 899 663 
7,169 629 101 
7,187 984 527 
7,205 976 979 
7,223 617 068 
7,240 915 001 
7.257 880 596 
7,274 523 294 
7,290 852 189 
7,306 876 040 
7,322 603 281 
7,338 042 040 
7,353 200 151 
7,308 085 172 


-2.430 927 563 
-2,401 372 213 
-2,372 408 293 
-2,344 026 210 
-2,316 215 730 
2,288 966 132 
-2,262 266 338 
-2,236 105 011 
-2,210 470 651 
-2,185 351 666 
-2,160 736 440 
-2,136 613 387 
-2,112 970 984 
-2,089 797 823 
2,067 082 630 
2,044 814 292 
-2,022 981 881 
-2.001 574 665 
~ 1,980 582 123 
- 1,959 993 951 
-1,939 800 074 
-1,919 990 647 
-1,900 556 058 
~1,881 425 934 
-1,862 774 135 
-1,844 408 756 
~1,826 382 127 
-1,808 685 808 
1,791 311 588 
1,774 251 477 
-1,757 497 710 
~1,741 042 732 
-1,724 879 206 
-1,708 999 996 
-1,693 398 170 
- 1,678 066 993 
-1,662 999 922 
-1,648 190 598 
-1,633 632 847 
-1,619 320 669 
-1,605 248 237 
-1,591 409 890 
1,577 800 129 
~1,564 413 612 
1,551 245 147 
-1,538 289 693 
1,525 542 350 
-1,512 998 359 
-1,500 653 092 
-1,488 502 055 


0,446 496 899 3 
0,432 246 998 3 
0,418 660 287 1 
0,405 696 844 1 
0,393 319 652 2 
0,381 494 355 4 
0,370 189 037 1 
0,359 374 019 7 
0,349 021 681 7 
0,339 106 293 1 
0,329 603 863 8 
0,320 492 008 1 
0,311 749 817 2 
0,303 357 748 5 
0,295 297 518 § 
0,287 552 009 8 
0,280 105 183 § 
0,272 941 999 8 
0,266 048 344 9 
0,259 410 964 1 
0,253 017 401 0 
0,246 855 940 3 
0,240 915 556 7 
0,235 185 £66 8 
0,229 657 085 1 
0,224 319 983 8 
0,219 165 855 2 
0,214 186 477 3 
0,209 374 081 7 
0,204 721 324 3 
0,200 221 258 1 
0,195 867 307 4 
0,191 653 245 1 
0,187 573 170 2 
0,183 621 488 3 
0,179 792 892 1 
0,176 082 344 6 
0,172 485 062 6 
0,168 996 501 4 
0,165 612 341 2 
0,162 328 473 4 
0,159 140 989 0 
0,156 046 166 7 
0,153 040 462 0 
0,150 120 498 1 
0,147 283 055 7 
0,144 525 064 8 
0,141 843 596 1 
0,139 235 853 9 
0,136 699 168 3 





Cas 


51}-0,043 409 420 76 
52}-0,041 166 380 79 
53|-0,039 074 960 13 

-0,037 122 587 04 
55}-0,035 297 917 50 
56}-0,033 590 697 96 

-0,031 991 645 18 
58}-0,030 492 341 06 
59}-0,029 085 140 14 

-0,027 763 088 32 
61}-0,026 519 851 


11 


62|- 0,025 349 650 35 
63|-0,024 247 208 
4/-0,023 207 696 


300 
424 
595 
811 
068 
363 
695 
061 


5 458 


SS5 
345 
$21 


3 327 


850 
407 
979 
570 
179 
806 
450 
108 
782 
469 
170 


5 88S 


608 
344 
OO] 
S48 


7 6Ol4 
é 390 


JOO} = 0,000 


175 
907 
708 


576 


148 
336 
835 
499 
425 
939 
570 
()37 
225 
18] 
(90 
2700 
158 
303 
a2 
049 
220 
772 
684 
003 
837 
352 
768 
352 
420 
328 
47] 
282 
228 
807 
347. 
O03 
735 
40 


502 


01 
61 
94 
87 
30 
88 
13 
36 
28 
8+ 
11 
99 
44 
29 
15 
59 
20 
99 
63 
69 
63 
71 
40 
31 
480 
142 
79) 
600 
137 
335 
715 
S21 
873 
397 
249 
000 
304 
200 


__CHARI.ES JORDAN 


0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,001 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0.000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
(0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0,000 
0.000 
0,000 
0,000 
0,000 
0,000 
0.000 
0.000 
0,000 
0.000 


847 209 394 
715 265 866 
594 896 332 
484 903 482 
384 232 059 
291 949 922 
207 231 894 
129 345 965 
057 641 460 
991 538 868 
930 521 091 
874 125 874 
821 939 254 
773 589 887 
728 744 096 
687 101 576 
648 391 628 
612 369 871 
578 815 357 
547 528 041 
518 326 545 
491 046 201 
405 537 307 
441 663 599 
419 300 885 
398 335 841 
378 664 935 
369 193 475 
342 834 753 
326 509 289 
311 144 146 
296 672 325 
283 032 218 
270 167 117 
258 024 775 
246 557 007 
235 719 336 
225 470 670 
215 773 006 
200 591 176 
197 892 600 
189 047 075 
181 826 577 
174 405 084 
lo7 358 414 8 
100 004 078 
134 301 144 - 
14s 250 119 
142 492 


832 
137 O12 339 


WHNAAAMWNWHCOHA UNNOMWUII”A 


NN 
So 


OmMnwA we NY DW NW 


-_ 
— 


on ec 


8} -7.937 635 


-6,101 435 253 
-6,171 245 726 
6,239 161 120 
-6,305 253 929 
-6,369 593 254 
-6,432 244 994 
-6,493 271 986 
-6,552 734 183 
-6,610 688 791 
-6,667 190 404 
-6,722 291 149 
-6,776 040 811 
-6,828 486 947 
-6,879 675 007 
-6,929 648 433 
-6,978 448 774 
-7,026 115 774 
-7,072 687 465 
-7,118 200 254 
-7,162 689 006 
-7,206 187 117 
- 7,248 726 592 
-7,29 338 111 
-7,331 051 094 
-7,370 893 763 
-7,409 893 200 
-7,448 075 405 
-7,485 465 343 
-7,522 086 993 
-7,557 963 401 
-7,593 116 719 
-7,627 568 248 
-7,661 338 474 
-7,694 447 108 
-7,726 913 130 
-7,758 754 806 
-7,789 989 730 
-7,820 634 849 
-7,850 706 503 
-7,880 220 438 
-7,909 191 835 
345 
098 
727 
409 
840 


-7,965 565 
-7,992 994 
-8,019 937 
-8.046 405 
-$072 412 329 
-8.097 968 722 
-8.123 Oso 494 
“8.147 7706 722 


3,660 861 152 
3,630 144 544 
3,599 516 031 
3,569 011 658 
3,538 662 919 
3,508 497 269 
3.478 538 564 
3,448 807 465 
3,419 321 788 
3,300 096 815 
3,361 145 575 
3,332 479 087 
3,304 106 58 
3,276 035 717 
3,248 272 703 
3,220 822 511 
3,193 688 988 
3,166 874 984 
3,140 382 465 
3,114 212 611 
3,088 365 907 
3.062 842 222 
3,037 640 880 
3,012 760 724 
2,988 200 174 
2,963 957 280 
2,940 029 765 
2,916 415 068 
2,893 110 382 
2,870 112 684 
2.847 418 770 
2,825 025 277 
2,802 928 710 
2,781 125 461 
2,759 611 832 
2,738 384 049 
2,717 438 278 
2.696 770 638 
2,676 377 217 
2,656 254 080 
2,636 397 278 
2,616 802 861 
2,597 466 879 
2,578 385 396 
2,559 554 492 
2,540 970 267 
2,522 628 853 
2,504 526 409 
2.486 659 131 
2,469 023 249 





6|-0,5 
7|-1,166 666 667 
8}-1,794 871 795 
9} -2,307 692 308 
10} -2,692 307 692 
11}-2,961 538 461 
12} -3.135 746 607 
13}-3,235 294 117 
14] -3,277 863 777 
15|-3,277 ‘863 777 
16|-3,246 646 027 
17|-3,192 982 456 
18} -3,123 569 794 
19] -3,043 478 260 
20] -2,956 521 740 
21] -2,865 551 840 
22) -2,772 686 734 
23) -2,679 487 179 
24] -2,587 091 070 
25} -2,496 315 945 
26} -2,407 736 992 
27 | 2,321 746 385 
28 | -2,238 598 443 
29|-2,158 444 023 
2,081 356 736 
2,007 352 941 
-1,936 406 995 
-1,868 462 890 
-1,803 443 119 
“1,741 255 425 
-1,681 797 923 
-1,624 962 970 
-1,570 640 080 
1,518 718 094 
-1,469 086 784 
-1,421 638 018 
-1,376 266 592 
-1,332 870 799 
-1,291 352 804 
-1,251 618 871 
“1,213 579 474 
1,177 149 321 
-1.142 247 320 
-1,108 796 494 
-1,076 723 56% 


1,333 333 333 
2,333 333 333 
2,871 794 872 
3,076 923 077 
3,076 923 077 
2,961 538 461 
2,787 330 317 
2,588 235 294 
2,383 900 929 
2,185 242 518 
1,997 936 016 
1,824 561 403 
1,665 903 890 
1,521 739 130 
1,391 304 348 
1,273 578 596 
1,167 447 046 
1,071 794 872 
0,985 558 502 8 
0,907 751 252 6 
0,837 473 736 3 
0,773 915 461 6 
0,716 351 501 7 
0,664 136 622 4 
0,616 698 292 2 
0,573 529 411 7 
0,534 181 240 0 
0.498 256 770 8 
0,465 404 675 9 
0,435 313 856 4 
0,407 708 587 5 
0,382 344 228 2 
0,359 003 446 9 
0,337 492 909 8 
0,317 640 385 7 
0,299 292 214 3 
0,282 311 095 8 
0,266 574 159 7 
0,251 971 278 8 
0,238 403 594 5 
0,225 782 227 8 
0,214 027 149 3 
0,203 066 190 2 
0,192 834 172 8 
0,183 272 147 7 


-3 

-3,5 

-3,230 769 230 
-2,769 230 769 
-2,307 692 308 
-1,903 846 154 
-1,567 873 304 
-1,294 117 647 
-1,072 755 418 
-0,893 962 848 4 
-0,749 226 006 1 
-0,631 578 947 3 
-0,535 469 107 6 
-0,456 521 739 1 
-0,391 304 347 9 
-0,337 123 745 9 
-0,291 861 761 4 
-0,253 846 153 8 
-0,221 750 663 1 
-0,194 518 125 5 
-0,171 301 446 1 
-0,151 418 242 5 
0,134 315 906 6 
-0,119 544 592 0 
0,106 736 242 9 
-0,095 588 235 29 
-0,085 850 566 43 
-0,077 315 705 81 
-0,069 810 701 38 
-0,063 190 721 08 
-0,057 334 020 11 
-0,052 137 849 29 
-0,047 515 162 09 
-0,043 391 945 55 
-0,039 705 048 21 
-0,036 400 404 45 
-0,033 431 577 14 
-0,030 758 556 89 
-(),028 346 768 87 
-0,026 166 248 18 
-0,024 190 952 97 
-0,022 398 190 05 
-0,020 768 133 09 
-0),019 283 417 28 
-6.017 928 797 06 


Css 


6 

3,5 

2,153 846 154 
1,384 615 385 
0,923 076 923 1 
0,634 615 384 5 
0,447 963 801 0 
0,323 529 411 7 
0,238 390 092 9 
0,178 792 569 7 
0,136 222 910 2 
0,105 263 157 9 
0,082 379 862 71 
0,065 217 391 29 
0,052 173 913 05 
0,042 140 468 24 
0,034 336 677 82 
0,028 205 128 20 
0,023 342 175 07 
0,019 451 812 55 
0,016 314 423 43 
0,013 765 294 77 
0,011 679 644 05 
0,009 962 049 336 
0,008 538 899 431 
0,007 352 941 176 
0,006 359 300 476 
0,005 522 550 415 
0,004 814 531 130 
0,004 212 714 739 
0,003 698 969 040 
0,003 258 615 581 
0,002 879 706 793 
0,002 552 467 385 
0,002 268 859 898 
0,002 022 244 692 
0,001 807 112 278 
0,001 618 871 415 
0,001 453 680 455 
0,001 308 312 409 
0,001 180 046 487 
0,001 066 580 478 


0,000 965 959 678 4 


0,000 876 518 967 5 


0.00) 796 835 424 9 





-0,739 750 000 7 
0,721 838 378 4 
9|-0.704 554 924 3 
-0,687 871 474 4 
-0.671 761 360 3 
-0,656 199 321 0 
0,641 161 419 9 
-0,626 624 966 7 
~0,612 568 444 4 
0,598 971 441 0 
-0,585 814 585 2 
-0,573 079 485 4 
-0,560 748 674 6 
0,548 805 556 2 
-0,537 234 354 8 
-0,526 020 069 5 
“0,515 148 430 5 
0,504 605 858 0 
-0,494 379 423 5 
-0,484 456 814 1 
4|-0,474 826 298 2 
-0,465 476 694 6 
“0,456 397 341 5 
-0,447 578 069 3 
-0,439 009 173 6 
-0,430 681 391 3 
-0,422 585 876 4 
-0,414 714 178 6 
-0,407 058 222 8 
-0,399 610 289 2 
0,392 362 995 0 
-0,385 309 278 4 
0,378 442 380 2 
-0,371 755 831 0 
0,365 243 434 6 
-0,358 899 256 0 
-0,352 717 607 0 


0,174 326 721 5 |- 0,016 690 856 31 

0,165 949 464 9 |- 0,015 557 762 33 

0,158 096 390 4 |- 0,014 519 056 26 

0,150 727 490 8 |- 0,013 565 474 18 

0,143 806 330 5 |- 0,012 688 793 87 

0,137 299 683 5 |- 0,011 881 703 38 

0,131 177 211 8 |- 0,011 137 687 80 

0,125 411 180 5 |- 0.010 450 931 71 

0,119 976 203 1 |- 0,009 816 234 799 
0,114 849 014 9 |- 0,009 228 938 699 
0,110 008 271 3 |- 0,008 684 863 523 
0,105 434 366 6 |- 0,008 180 252 581 
0,101 109 272 6 j- 0,007 711 724 182 
0,097 016 393 54}- 0,007 276 229 515 
0,093 140 435 93}- 0,006 871 015 765 
0,089 467 291 98}- 0,006 493 593 772 
0,085 983 934 30|- 0,006 141 709 592 
0,082 678 321 27)- 0,005 813 319 465 
0,079 539 311 64)- 0,005 506 567 729 
0,076 556 587 46}- 0,005 219 767 327 
0,073 720 584 32}- 0,004 951 382 529 
0,071 022 428 34}- 0,004 700 013 640 
0,068 453 878 98}- 0.004 464 383 411 
0,066 007 277 20}- 0,004 243 324 963 
0,063 675 498 38}- 0,004 035 771 024 
0,061 451 909 55}- 0,003 840 744 347 
0,059 330 330 40}- 0,003 657 349 134 
0,057 304 997 84}- 0,003 484 763 382 
0,055 370 533 63}- 0,003 322 232 018 
0,053 521 914 85}- 0,003 169 060 748 
0,051 754 446 97}- 0,003 024 610 537 
0,050 063 739 09}- 0,002 888 292 640 
0,048 445 681 41)- 0,002 759 564 131 
0,046 896 424 51}- 0,002 637 923 879 
0,045 412 360 45}- 0,002 522 908 914 
0,043 990 105 21]- 0,002 414 091 139 
0,042 626 482 79}- 0,002 311 074 368 
0,041 318 510 45)- 0,002 213 491 631 
0,040 063 385 231- 0,002 121 002 748 
0,038 858 471 39}- 0,002 033 292 108 
0,037 701 288 96}- 0,001 950 066 671 
0,036 589 503 18}- 0,001 871 054 140 
0,035 520 914 60}-0,001 796 001 300 
0,034 493 450 11]- 0,001 724 672 506 
0,033 505 154 64]- 0,001 656 848 306 
0,032 554 183 25|-0,001 592 324 180 
0,031 638 794 12]-0,001 530 909 393 
0,030 757 341 87}- 0,001 472 425 940 
0,029 908 271 33}- 0,001 416 707 589 
0,029 090 111 92}- 0,001 363 598 996 


0,000 725 689 405 0 
0,000 662 032 439 7 
0,000 604 960 677 5 
0,000 553 692 823 5 
0,000 507 551 754 8 
0,000 465 949 152 1 
0,000 428 372 607 6 
0,000 394 374 781 6 
0,000 363 564 251 8 
0,000 335 597 770 9 
0,000 310 173 697 3 
0,000 287 026 406 4 
0,000 265 921 523 5 
0,000 246 651 848 0 
0,000 229 033 858 8 
0,000 212 904 713 9 
0,000 198 119 664 3 
0,000 184 549 824 3 
0,000 172 080 241 5 
0,000 160 608 225 4 
0,000 150 041 894 8 
0,060 140 298 914 6 
0,000 131 305: 394 5 
0,000 122 994 926 5 
0,000 115 307 743 5 
0,000 108 189 981 6 
0,000 101 593 031 5 
0,000 095 472 969 38 
0,000 089 790 054 53 
0,000 084 508 286 61. 
0,000 079 595 014 14 
0,000 075 020 588 04 
0,000 070 758 054 64 
0,000 066 782 883 01 
0,000 063 072 722 84 
0,000 059 607 188 63 
0,000 056 367 667 S52 
0,000 053 337 147 74 
0,000 050 500 065 42 
0,000 047 842 167 24 
0,000 045 350 387 69 
0,000 043 012 738 84 
0,000 040 818 211 36 
0,000 028 756 685 52 
0,000 026 818 851 26 
0,000 034 996 135 83 
0,000 033 280 638 98 
0,000 031 665 073 99 
0,000 030 142 714 67 
0,000 028 707 347 29 





346 


APPROXIMATION BY ORTHOGONAL POLYNOMIALS 


0,007 575 757 576 
0,030 303 030 303- 0,181 818 181 8 
0,072 727 272 73 |- 0,381 


0,136 363 636 4 
0.220 588 235 3 
0,323 529 411 7 
0,442 724 458 2 
0,575 541 795 6 
0,719 427 244 5 
0,872 033 023 9 
1,031 273 836 
1,195 340 129 
1,362 687 747 
1,532 015 810 
1,702 239 789 
1,872 463 768 
2,041 954 023 
2,210 114 943 
2,376 467 681 
2,540 631 565 
2,702 308 120 
2,861 267 421 
3,017 336 553 
3,170 389 857 
3,320 340 729 
3,467 134 739 
3,610 743 870 
3,751 161 688 
3,888 399 310 
4,022 482 045 
4,153 446 577 
4,281 338 627 
4,406 211 004 
4,528 121 979 
4,647 133 947 
4,763 312 297 
4,876 724 494 
4,987 439 320 
5,095 526 240 
5,201 054 890 
5,304 U94 656 
5,404 714 339 
5,502 981 872 
5,598 964 115 


- 0,053 030 303 03 


- 1,235 294 118 
- 1,549 535 604 
- 1,859 442 724 
- 2,158 281 734 
692 467 

093 821 

193 260 

604 743 

561 265 

703 557 

927 537 

275 863 

862 069 

818 441 

261 030 

266 963 

- 4,450 860 433 
- 4,526 004 830 
599 103 

477 020 

408 357 

101 330 

205 785 

316 795 

Y78 454 

- 4,845 687 673 
- 4.859 897 901 
-4,870 022 689 
4,876 439 055 
- 4,879 490 645 
- 4,879 490 645 
4,876 724 494 
-4,871 452 359 
-4,863 911 411 


818 181 8 
- 0,636 363 636 4 
- 0,926 470 588 2 


0,212 121 212 1 
0,606 060 606 1 
1,090 909 091 
1,590 909 091 
2,058 823 529 
2,470 588 235 
2,817 337 461 
3,099 071 207 
3,320 433 436 
3,488 132 095 
3,609 458 427 
3,091 491 575 
3,740 711 462 
3,762 845 850 
3,762 845 850 
3,744 927 537 
3,712 643 679 
3,668 965 518 
3,616 363 862 
3,556 884 191 
3,492 213 570 
3,423 738 795 
3,352 596 170 
3,279 713. 645 
3,205 846 220 
3,131 605 571 
3,057 484 729 
2,983 878 615 
2,911 101 088 
2,839 399 091 
2.768 964 385 
2,699 943 279 
2,632 444 097 
2,566 546 871 
2,502 302 895 
2,439 745 323 
2,378 889 997 
2.319 739 218 
2,262 284 377 
2.206 508 135 
2,152 386 237 
2,099 889 012 
2,048 982 612 
1,999 630 041 


- 0,636 363 636 4 
- 1,454 545 455 
- 2,181 818 182 
- 2,727 272 727 
- 3,088 235 294 
3,294 117 647 
3,380 804 953 
3,380 804 953 
3,320 433 436 
3,219 814 242 
3,093 821 509 
2,953 193 200 
2,805 533 597 
2,656 126 482 
2,508 503 900 
2.365 217 342 
2,227 586 207 
2,096 551 724 
1,972 562 106 
1,855 765 665 
- 1,746 106 785 
- 1,643 394 621 
- 1,547 352 079 
- 1,457 650 509 
- 1,373 934 095 
- 1,295 836 788 
- 1,222 993 892 
- 1,155 049 787 
- 1,091 662 908 
- 1,032 508 760 2 
- 0,977 281 547 6 
- 0,925 694 838 4 
- 0,877 481 565 5 
- 0,832 393 579 7 
- 0,790 200 914 1 
- 0,750 690 868 5 
- 0,713 666 999 1 
- 0,678 948 063 9 
- 0,646 366 964 9 
- 0,615 769 712 2 
- 0,587 014 428 4 
- 0,559 970 403 3 
- 0,534 517 203 1 
- 0,510 543 840 2 
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oo 
™N 
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5,692 726 671 
5,784 333 767 
5,873 848 142 
5,961 330 988 
6,046 841 882 
6,130 438 777 
6,212 177 960 
6,292 114 073 
6,370 300 108 
6,446 787 415 
6,521 625 741 
6,594 863 253 
6,666 546 550 
6,736 720 721 
6,805 429 383 
6,872 714 701 
6,938 617 445 
7,003 177 023 
7,066 431 525 
7,128 417 767 
7,189 171 328 
7,248 726 593 
7,307 116 796 
7,364 374 054 
7,420 529 411 
7,475 612 874 


7,529 653 449 | 


7,582 679 179 
7.034 717 172 
7,685 793 649 
7,735 933 963 
7.785 162 634 


7,833 503 382 | 


7,880 979 159 
7,927 612 174 
7,973 423 909 
8,018 435 176 
8,062 666 103 
8.106 136 191 
8,148 864 315 
8,190 868 771 
8,232 167 271 
8,272 776 972 
8,312 714 516 
8,351 996 021 
8,390 637 115 
8,428 652 946 
8,466 058 210 
8,502 867 159 
8,539 093 617 


CHARLES JORDAN 


Cor 


- 4,781 890 403 


4,763 568 985 
4,744 261 961 
4,724 073 614 
4,703 099 242 
4,681 425 975 
4,659 133 470 


- 4,636 294 580 
- 4,612 975 940 


4,589 238 499 
4,505 138 018 
4,540 725 519 
4,516 047 663 
4,491 147 147 
4,466 063 032 


~ 4,440 831 038 


4,415 483 829 
4.390 051 268 
4,364 560 648 
4,339 036 901 
4,313 502 797 


- 4,287 979 111 
- 4,262 484 798 


4,237 037 127 
4,211 651 828 
4,186 343 210 
4,161 124 275 
4,136 006 825 
4,111 001 554 
4,086 118 142 
4,061 365 331 
4,036 750 995 
4,012 282 220 
3,987 965 357 
3,963 806 087 
3,939 809 461 
3,915 979 969 
3,892 321 567 
3,868 837 728 
3,845 531 475 
3,822 405 427 
3,799 461 817 
3,776 702 531 
3,754 129 136 
3,731 742 903 
3,709 544 830 
3,687 535 664 


- 3,665 715 926 
~ 3,644 085 925 
~ 3,622 645 777 


SS 


347 
C62 C63 
1,951 792 001 | - 0,487 948 000 3 
1,905 427 594 | - 0,466 635 329 1 
1,860 494 887 |- 0,446 518 7728 
1,816 951 390 | --0,427 517 974 1 
1,774 754 431 0,409 558 714 8 
1,733 861 472 | - 0,392 572 408 8 
0 
6 
2 
8 
8 


1,694 230 353 | - 0,376 495 634 

1,655 819 493 | - 0,361 269 707 

1,618 588 049 0,346 840 296 

1,582 496 034 | - 0,333 157 059 

1,547 504 413 | - 0,320 173 326 

1,513 575 173 | - 0,307 845 797 9 
1,480 671 365 | - 0,296 134 273 0 
1,448 757 144 0,285 001 405 4 
1,417 797 788 | - 0,274 412 475 1 
1,387 759 699 | - 0,264 335 180 8 
1,358 610 409 | - 0,254 739 451 7 
1,330 318 566 | - 0,245 597 273 7 
1,302 853 925 | - 0,236 882 531 8 
1,276 187 324 | - 0,228 570 864 0 
1,250 290 666 | - 0,220 639 529 2 
1,225 136 889 0,213 067 285 0 
1,200 699 943 | - 0,205 834 275 9 
1,176 954 757 | - 0,198 921 930 8 
1,153 877 213 | - 0,192 312 868 9 
1,131 444 111 | - 0,185 990 812 7 


1,109 633 140 | - 0,179 940 509 2 
1,088 422 849 | - 0,174 147 655 8 
1,067 792 612 | - 0,168 598 833 4 
1,047 722 601 | - 0,163 281 444 2 
1,028 193 755 | - 0,158 183 654 6 
1,009 187 749 | - 0,153 294 341 6 
0,990 686 967 9| - 0,148 603 045 2 


0,972 674 477 4) ~ 0,144 099 922 6 
0,955 133 996 9} - 0,139 775 706 9 
0,938 049 871 7| - 0,135 621 668 2 
0,921 407 051 6} - 0,131 629 578 8 
0,905 191 062 1| - 0,127 791 679 4 
0,889 387 983 4] - 0,124 100 648 8 
0,873 984 426 1| - 0,120 549 576 0 
0,858 967 511 6| - 0,117 131 933 4 
0,844 324 848 3] - 0,113 841 552 6 
0,830 044 512 3| - 0.110 672 601 6 
0,816 115 029 6| - 0,107 619 564 3 
0,802 525 355 5| - 0,104 677 220 3 
0,789 264 857 4} — 0,101 840 626 8 
0,776 323 297 6} - 0,099 105 101 83 
0,763 690 817 9} - 0,096 466 208 58 
0,751 357 922 8| - 0,093 919 740 34 
0,739 315 464 7 | - 0,091 461 706 97 





APPROXIMATION BY ORTHOGONAL POLYNOMIALS 


2,727 272 727 
3,272 727 273 
3,409 090 909 
3,308 823 529 
3,088 235 294 
2,817 337 461 
2,535 603 715 
2,263 931 888 
2,012 383 901 
1,784 897 025 
1,582 067 818 
1,402 766 798 
1,245 059 289 
1,106 719 368 


0,879 310 344 9 |- 0,214 942 52 
0,786 206 896 7 |- 0,182 068 96 


0,569 382 647 3 |- 0,113 876 529 5 

0,513 560 819 2 |— 0,098 246 417 59 
0,464 205 623 6 |- 0,085 104 364 32 
0,420 476 108 3 |- 0,074 003 795 07 
0,381 648 359 6 |- 0,064 586 645 47 
0,347 099 139 7 |- 0,056 564 304 24 
0,316 291 523 7 |- 0,049 702 953 72 
0,288 762 446 6 |- 0,043 812 233 28 
0,264 111 993 9 |- 0,038 736 425 77 
0,241 994 240 7 |- 0,034 347 569 64 
0,222 109 442 6 |- 0,030 540 048 36 
0,204 197 390 8 |~ 0,027 226 318 78 
0,188 031 764 0 |- 0,024 333 522 41 

0,173 415 329 1 |- 0,021 800 784 23 
0,160 175 861 0 |- 0,019 577 049 67 
0,148 162 671 4 |- 0,017 619 344 71 

0,137 243 653 7 |- 0,015 891 370 42 
0,127 302 762 0 |- 0,014 362 362 89 
0,118 237 859 4 |- 0,013 006 164 54 
0,109 958 877 2 |- 0,011 800 464 87 

0,102 386 237 5 |- 0,010 726 177 26 
0,095 449 500 56)- 0,009 766 925 638 
0,089 086 200 52/- 0,008 908 620 052 
0,083 240 843 52/- 0,008 139 104 699 


0,221 362 229 1 
0,160 990 712 1 
0,118 993 135 0 
0,089 244 851 26 
0,067 826 086 95 
0,052 173 913 05 
0,040 579 710 14 
0,031 884 057 98 
0,025 287 356 33 
0,020 229 885 06 
0,016 314 423 44 
0,013 255 469 04 
0,010 845 383 76 
0,008 931 492 508 
0,007 400 379 507 
0,006 166 982 922 
0,005 166 931 638 
0,004 351 100 326 
0,003 681 700 276 
0,003 129 445 235 
0,002 671 477 639 
0,002 289 837 976 
0,001 970 325 701 
0,001 701 644 923 
0,001 474 758 934 
0,001 282 399 072 
0,001 118 688 553 


- 0,002 331 002 331 
- 0,010 489 510 49 
- 0,027 766 351 30 
— 0,056 561 085 97 
- 0,098 237 675 65 
- 0,153 250 774 0 
- 0,221 362 229 1 
- 0,301 857 585 2 
- 0,393 727 285 0 
- 0,495 804 729 2 
- 0,606 854 988 6 
- 0,725 691 699 § 
- 0,851 119 84 6 
- 0,982 061 416 9 
- 1,117 518 164 

- 1,256 587 091 

~ 1,398 459 827 

- 1,542 418 927 

- 1,687 832 159 

- 1,834 145 783 

- 1,980 877 446 

— 2,127 609 108 

- 2,273 980 250 

- 2,419 681 502 

- 2,564 448 772 

— 2,708 057 903 

— 2,850 319 857 

- 2,991 076 393 

- 3,130 196 225 

- 3,267 571 608 

- 3,403 115 319 

- 3,536 757 996 

- 3,668 445 794 

~ 3,798 138 322 


0,000 978 852 483 8} - 3,925 806 837 
0,000 858 992 995 9} - 4,051 432 657 
0,000 755 913 836 4) - 4,175 005 764 
0,000 666 982 796 8} - 4,296 523 605 
0,000 590 023 243 4} - 4,415 990 001 
0,000 523 228 159 1} — 4,533 414 237 
0,000 465 091 697 1] - 4,648 810 235 
0,000 414 354 421 0| - 4,762 195 851 
0,000 369 959 304 5| - 4,873 592 245 





350 APPROXIMATION BY ORTHOGONAL POLYNOMIALS 


~ 0,769 230 769 2 
- 1,730 769 231 


0,018 648 018 65 - 0,083 916 083 92 
0,073 426 573 44 - 0,283 216 783 2 


0,279 720 279 7 
0,786 713 286 6 


0,172 768 408 1 


- 0,583 093 377 2 
0,316 742 081 4 | - 0,950 226 244 3 


0,500 119 076 0 | - 1,350 321 505 
0,715 170 278 6 | - 1,755 417 957 
0,953 560 371 5 |- 2,145 510 836 


1,207 430 341 
1,469 915 197 
1,735 316 552 
1,999 084 668 
2,257 707 510 
2,508 563 900 
2,749 771 967 
2,980 048 437 
3,198 585 323 
3,404 945 666 
3,598 977 496 
3,780 744 036 
3,950 467 841 
4,108 486 555 
4,255 218 217 
4,391 134 276 
4,516 738 804 
4,632 552 620 
4,739 101 330 
4,836 906 423 
4,926 478 765 
5,008 313 960 
5,082 889 168 
5,150 661 023 
5,212 064 416 
5,267 511 909 
5,317 393 651 
5,362 077 631 
5,401 910 209 
5,437 216 809 
5,468 302 770 
5,495 454 224 
5,518 939 071 
5,539 007 940 
5,555 895 159 
5,569 819 708 


- 2,507 739 938 
- 2,834 836 452 
- 3,123 569 794 
- 3,373 455 378 
- 3,585 770 751 
- 3,762 845 850 
- 3,907 570 690 
- 4,023 065 390 
- 4,112 466 843 
- 4,178 796 954 
- 4,224 886 626 
- 4,253 337 041 
- 4,266 505 268 
- 4,200 505 268 
- 4,255 218 217 
- 4,234 308 052 
- 4,205 239 577 
- 4,169 297 358 
- 4,127 604 384 
- 4,081 139 795 
- 4,030 755 353 
- 3,977 190 498 
- 3,921 085 930 
- 3,862 995 767 
~ 3,803 398 357 
- 3,742 705 830 
~ 3,681 272 528 
~ 3,619 402 401 
- 3,557 355 503 
- 3,495 353 663 
- 3,433 585 460 
~ 3,372 210 546 
- 3,311 363 442 
- 3,251 156 834 
- 3,191 684 453 
~ 3,133 023 586 


1,388 317 565 
1,979 638 009 
2,500 595 380 
2,925 696 594 
3,250 773 994 
3,482 972 136 
3,634 405 707 
3.718 535 469 
3,748 283 753 
3,735 177 865 
3,689 064 559 
3,618 121 010 
3,529 004 729 
3,427 055 703 
3,316 505 519 
3,200 671 687 
3,082 128 290 
2.902 850 880 
2,844 336 845 
2,727 703 985 
2,613 770 403 
2,503 118 796 
2,396 147 907 
2,293 113 547 
2,194 161 180 
2,099 351 746 
2,008 682 070 
1,922 100 946 
1,839 521 794 
1,760 832 573 
1,685 903 527 
1,614 593 214 
1,546 753 163 
1,482 231 460 
1,420 875 473 
1,362 533 913 
1,307 058 351 
1,254 304 334 
1,204 132 161 
1,156 407 411 
1,111 901 272 


- 2,545 248 869 
- 3,110 859 728 
- 3,438 318 648 
- 3,575 851 393 
- 3,575 851 393 
- 3,482 972 136 
- 3,331 538 565 
- 3,146 453 089 
- 2,945 080 092 
- 2,739 130 434 
- 2,536 231 884 
- 2,341 137 124 
- 2,156 614 001 
- 1,984 084 881 
- 1,824 078 035 
- 1,676 542 312 
- 1,541 064 145 
- 1,417 015 638 
- 1,303 654 388 
- 1,200 189 753 
- 1,105 825 940 
- 1,019 789 139 
- 0,941 343 820 6 
~0,869 801 690 2 
- 0,804 525 706 0 
- 0,744 931 264 8 
-0,690 484 461 4 
-0,640 700 315 3 
~0,595 139 404 0 
- 0,553 404 522 9 
- 0,515 137 188 9 
- 0,480 014 198 8 
~ 0,447 744 336 6 
- 0,418 065 283 5 
~ 0,390 740 755 0 
- 0,365 557 879 0 
- 0,342 324 806 3 
- 0,320 868 550 6 
- 0,301 033 040 2 
- 0,282 677 367 0 
- 0,265 674 217 1 





5,580 986 148 
5,589 585 510 
5,595 796 161 
5,599 784 610 
5,601 706 294 
5,601 706 294 
5,599 920 035 
5,596 473 931 
5,591 485 987 
5,585 066 369 
5,577 317 944 
5,568 336 756 
5,558 212 506 
5,547 028 980 
5,534 864 443 
5,521 792 018 
5,507 880 036 
5,493 192 356 
5,477 788 667 
5,461 724 771 
5,445 052 839 
5,427 821 659 
5,410 076 857 
5,391 861 111 
5,373 214 340 
5,354 173 892 
5,334 774 712 
5,315 049 494 
5,295 028 837 
5,274 741 368 
5,254 213 889 
5,233 471 471 
5,212 537 584 
5,191 434 194 
5,170 181 853 
5,148 799 792 
5,127 306 014 
5,105 717 359 
5,084 049 580 
5,062 317 404 
5,040 534 631 
5,018 714 131 
4,996 867 965 
4,975 007 387 
4,953 142 919 
4,931 284 389 
4,909 440 973 
4,887 621 234 
4,865 833 166 
4,844 084 216 


- 3,075 237 265 
- 3,018 376 176 
- 2,962 480 320 
- 2,907 580 471 
- 2,853 699 433 
- 2,800 853 147 
- 2,749 051 653 
- 2,698 299 931 
- 2,648 598 625 
- 2,599 944 689 
- 2,552 331 941 
- 2,505 751 540 
- 2,460 192 421 
- 2,415 641 652 
- 2,372 084 761 
- 2,329 506 007 
- 2,287 888 630 
- 2,247 215 055 
- 2,207 467 075 
- 2,168 626 012 
- 2,130 672 850 
~ 2,093 588 354 
- 2,057 353 171 
- 2,021 947 917 
- 1,987 353 249 
- 1,953 549 933 
- 1,920 518 896 
- 1,888 241 268 
- 1,856 698 423 
- 1,825 872 012 
- 1,795 743 987 
- 1,766 296 621 
- 1,737 512 528 
- 1,709 374 674 
- 1,681 866 386 


- 1,054 971 362 
- 1,628 673 675 
- 1,602 957 776 


- 1,577 808 490 
~ 1,553 211 022 
~ 1,529 150 955 
- 1,505 614 239 
~ 1,482 587 198 
- 1,460 056 516 
- 1,438 009 235 
- 1,416 432 750 


- 1,395 314 803 


- 1,374 643 472 
- 1,354 407 170 


~ 1,334 594 631 


351 


Cra 
1,067 790 717 | ~ 0,249 908 465 
1,026 658 563 | - 0,235 275 920 
0,987 493 440 1] - 0,221 682 200 
0,950 189 696 3} - 0,209 041 733 
0,914 647 254 1| - 0,197 276 858 
0,880 771 429 8| - 0,186 317 033 
0,848 472 732 S| - 0,176 098 114 
0,817 666 645 8] - 0,166 561 724 
0,788 273 400 4| - 0,157 654 
0,760 217 745 4] - 0,149 328 
0,733 428 718 5| - 0,141 538 
0,707 839 418 1] - 0.134 245 
0,683 386 783 5| - 0,127 411 095 
0,660 011 380 4| - 0,121 002 086 
0,637 657 193 9| - 0,114 987 362 8 
0,616 271 430 5] - 0,109 338 479 6 
0,595 804 330 8] - 0,104 029 327 6 
0,576 208 988 4} - 0,099 035 919 88 
0,557 441 180 5] - 0,094 336 199 78 
0,539 459 207 0] - 0,089 909 867 83 
0,522 223 737 8| - 0,085 738 225 60 
0,505 697 670 1] - 0,081 804 034 87 
0,489 845 993 1] - 0,078 091 390 31 
0,474 635 661 2] -0,074 585 603 90 
0,460 035 474 3| -0,071 273 101 65 
0,446 015 966 5| -0,068 141 328 22 
0,432 549 300 9] - 0,065 178 661 79 
0,419 609 170 6] - 0,062 374 336 17 
0,407 170 706 9} - 0,059 718 370 34 
0,395 210 392 2] - 0,057 201 504 14 
0,383 705 980 2] - 0,054 815 140 03 
0,372 636 418 0| - 0,052 551 289 72 
0,361 981 776 7| -0,050 402 525 87 
0,351 723 183 9| - 0,048 361 937 79 
0,341 842 761 4| - 0,046 423 091 05 
0,332 323 566 6| -0,044 579 990 64 
0,323 149 538 7| - 0,042 827 047 30 
0,314 305 446 2] - 0,041 159 046 52 
0,305 776 839 2| - 0,039 571 120 37 
0,297 550 004 2| - 0,038 058 721 46 
0,289 611 923 4] - 0,036 617 599 51 
0,281 950 232 1] - 0,035 243 779 O1 
0,274 553 184 9] - 0,033 933 539 70 
0,267 409 618 2] - 0,032 683 397 79 
0,260 508 919 3] - 0,031 490 089 15 
0,253 840 994 6} - 0,030 350 553 71 
0,247 396 241 6] - 0,029 261 921 05 
0,241 165 521 5} - 0,028 221 497 19 
0,235 140 133 7| - 0,027 226 72 32 
0,229 311 792 3| - 0,026 275 309 53 


7 
7 
8 
2 
7 
2 
3 
1 
1 
7 
5 
9 
2 
4 





352 APPROXIMATION BY ORTHOGONAL POLYNOMIALS 


Ce 


1.846 153 846 
3.115 384 615 
3,605 158 371 
3,733 031 674 
3,536 556 323 
3,218 266 234 
2,860 681 114 
2,507 739 938 
2,180 643 424 
1,887 871 833 
1,631 121 282 
1.408 695 652 
1,217 391 304 
1,053 511 706 
0,913 389 459 
0.793 633 952 
0,691 229 

0.603 555 2 
0.528 364 

0,463 750 5 
0,408 100 

0.360 036 926 0 
0.318 477 870 6 
0,282 403 146 2 
0,251 025 018 8 
0,223 663 291 8 
0,199 744 328 1 
0,178 783 503 6 
0,160 370 584 6 
0,144 157 570 9 
0,129 848 597 2 
0,117 191 546 0 
0,105 971 078 8 
0,096 002 839 75 
0,087 128 627 67 
0,079 212 369 51 
0,072 136 754 77 
0,005 800 418 23 
0,060 115 575 74 
0,055 006 037 25 
0,050 405 532 31 
0,046 256 296 42 
0.042 507 874 74 


4,0 
4.5 
3,970 588 235 
3,235 294 118 
2,354 179 567 
1,992 260 062 
— 1,549 535 604 
- 1,207 430 341 
- 0,944 945 483 9 
- 0,743 707 093 8 
- 0,589 016 018 4 
- 0,469 565 217 3 
- 0.376 811 594 2 
~ 0,304 347 826 1 
~0,247 376 311 9 
- 0.202 298 850 6 
- 0,166 407 119 0 
- 0,137 652 947 7 
- 0.114 479 050 8 
- 0,095 694 362 60 
- 0,080 383 432 59 
= (1,067 836 812 15 
- 0,037 502 948 86 
-0,048 949 878 67 
- 0,041 837 503 14 
- 0,035 896 577 69 
- 0,030 912 812 68 
- 0,026 714 776 39 
-0,023 164 640 00 
-0,020 151 058 30 
-(,017 583 664 21 
-0,015 388 788 87 
-0,013 506 117 89 
-0,011 886 065 87 
-0,010 487 705 18 
0,009 277 124 357 
- 0,008 226 121 158 
—0,007 311 157 581 
- 0,006 512 520 705 
0,005 813 646 213 
-0,005 200 570 794 
- 0,004 661 487 236 
-0,004 186 381 603 


Crz 


8.0 

4,5 

2.647 058 824 
1,617 647 059 
1,021 671 827 
0,064 086 687 3 
0,442 724 458 
0,301 857 585 
0,209 987 885 
0.148 741 418 
(0.107 093 821 
0,078 200 869 56 
0,057 971 014 50 
0,043 478 2600 87 
0,032 983 508 25 
0,025 287 356 32 
0,019 577 308 12 
0,015 294 771 97 
0.012 050 426 40 
0,009 569 456 260 
0.007 655 565 009 
0,006 166 982 923 
0,005 000 256 422 
0,004 079 156 556 
0.003 347 000 251 
0,002 761 275 207 
0,002 289 837 976 
0,001 908 198 314 
0,001 597 561 379 
0,001 343 403 887 
0,001 134 429 949 
0,000 961 799 304 5 
0,000 818 552 599 6 
0,000 699 180 345 5 
0,000 599 297 439 0 
0,000 515 395 797 6 
0,000 444 655 197 7 
0,000 384 797 767 4 
0,000 333 975 420 8 
0,000 290 682 310 7 
0,000 253 686 380 2 
0,000 221 975 582 7 
0,000 194 715 423 4 
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0,039 116 107 67 
0,036 042 268 70 
0,033 252 330 13 
0.030 716 336 31 
0,028 407 867 66 
0,026 303 581 16 
0.024 382 815 83 
0,022 627 233 09 
0,021 020 624 01 
0,019 548 456 31 
0,018 197 855 42 
0,016 957 314 55 
0.015 816 : 75 
0,014 766 356 31 
0,013 798 483 54 
0,012 905 525 46 
0,012 080 825 14 
0.011 318 . 84 
0,010 612 48 
0,009 959 898 
0,009 353 260 975 
0,008 790 359 
0,008 268 & 140 
0,007 782 624 
0.007 330 598 
0,006 910 524 
0.006 517 179 
0,000 151 321 
0,005 810 033 
0,005 491 397 
0,005 193 206 
0,004 913 831 
0,004 652 849 
0,004 407 279 
0,004 178 195 
0,003 962 835 
0,003 760 065 
0,003 570 313 
0,003 391 318 
0,003 223 583 
0,003 065 494 
0,002 916 539 
0,002 776 521 
0,002 o44 158 
0.002 519 132 
0,002 401 49] 
0,002 290 387 
0,002 184 890 105 
0.002 085 453 369 
0,001 991 391 880 
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7606 736 295 
395 286 182 
065 817 671 
773 002 583 
512 260 405 
279 643 701 
071 742 321 
885 604 424 
718 667 372 
568 703 284 
433 770 427 
312 173 150 
202 427 759 
103 233 517 
O13 447.944 
932 065 727 8 
858 200 693 1 
791 070 327 8 
729 982 498 3 
674 324 008 7 
623 550 731 7 
577 179 079 1 
534 778 516 0 
495 905 652 5 
4600 397 675 3 
427 768 499 1 
397 804 039 1 
370 258 
344 911 
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321 
300 040 
177 
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244 870 5 
229 177 
214 644 . 
201 174 
188 680 

177 082 

166 307 

156 288 52: 
146 966 841 
138 287 152 
130 199 439 
122 658 025 
115 621 157 
-0,000 109 050 637 
- 0,000 102 911 490 
- 0,000 097 171 662 36 
- 0,000 091 801 753 35 
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0,000 171 215 
0,000 150 901 
0,000 133 296 
0,000 118 000 
0,000 104 677 
0,000 093 046 
0,000 082 869 
0,000 073 945 
0,000 066 102 
0,000 059 196 
0,000 053 102 
0,000 047 715 
0,000 042 943 
0,000 038 709 
0,000 034 946 
0,000 031 595 
0,000 028 606 
0,000 025 936 
0,000 023 547 
0,000 021 407 
0,000 019 485 
0,000 017 759 
0,000 016 205 
0,000 014 804 
0,000 013 541 108 
0,000 012 399 086 
0,000 011 365 829 
0,000 010 429 820 
0,000 009 580 881 
0,000 008 810 005 
0,000 008 109 209 
0,000 007 471 406 
0,000 006 890 297 453 
0,000 006 360 274 573 
0,000 005 876 340 639 
0,000 005 434 035 427 
0,000 005 029 373 215 
0,000 004 658 787 822 
0,000 004 319 084 546 
0,000 004 007 398 028 
0,000 003 721 155 314 
0,000 003 458 043 320 
0,000 003 215 980 288 
0,000 002 993 090 565 
0,000 002 787 682 389 
0,000 002 598 228 247 
0.000 002 423 347 499 
0,000 002 261 790 999 
0,000 002 112 427 443 
0,000 001 974 231 255 
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3. 402 42 ll 
5 792 924 12 

5 1 287 1 716 13 

1 001 2 002 3.008 14 
1 365 3 003 5 005 15 
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315 26 334 74 613 22 
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80 730 296 010 27 
98 280 376 740 28 
118 755 475 020 29 
060 142 506 593 775 30 


















495 169 911 736 281 31 
960 201 376 906 192 32 
456 237 336 1 107 568 33 
984 278 236 1 344 904 34 
545 324 632 1 623 160 35 
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139 575 757 3 262 623 39 
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749 398 4 496 388 41 
850 668 5 245 786 42 
962 598 6 096 454 43 
1 086 008 7059052 | 44 


8 145 060 


9 366 819 
1 533 939 10 737 573 47 



















1 712 304 12 271 512 48 
1 906 884 13 983 816 49 
2 760 15 890 700 50 
2 349 060 18 009 460 

2 598 960 20 358 520 52 
2 869 685 22 957 480 53 
3 162 510 25 827 165 4 
3 47 28 989 675 55 
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102 340 
105 995 
109 736 
113 564 
117 480 


121 485 
125 580 
129 766 
134 044 
138 415 
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161 700 


166 650 
171 700 
176 851 
182 104 
187 460 


192 920 
198 485 
204 156 
209 934 
215 820 
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521 855 
557 845 
595 665 
635 376 
677 040 


720 720 
766 480 
814 385 
864 501 
916 895 
971 635 
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088 430 
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8 936 928 
9 657 648 
10 424 128 
11 238 513 
12 103 014 


13 019 909 
13 991 544 
15 020 334 
16 108 764 
17 259 390 


18 474 840 
19 757 815 
21 111 090 
22 537 515 
24 040 016 


25 621 596 
27 285 336 
29 034 396 
30 872 016 
32 801 517 


34 826 302 
36 949 857 
39 175 752 
41 507 642 
43 949 268 


46 504 458 
49 177 128 
51 971 283 
54 891 018 
57 940 519 


61 124 064 
64 446 024 
67 910 864 
71 523 144 
75 287 520 


79 208 745 
83 291 670 
87 541 245 
91 962 520 
96 560 646 


101 340 876 
106 308 566 
111 469 176 


116 828 271 
122 391 522 


36 288 252 
40 475 358 
45 057 474 
50 063 860 


55 525 372 
61 474 519 
67 945 521 
74 974 368 
82 598 880 


90 858 768 
99 795 696 
109 453 344 
119 877 472 
131 115 985 


218 999 
238 908 
230) 452 
5 250 786 
359 550 
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093 780 
851 595 
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2 614 630 


1 563 898 
3 068 356 
245 484 
216 767 
107 785 
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The values of the binomial coefficients. 
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245 157 817 190 1 144 006 
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657 800 3 124 53 3 311 735 
888 030 4 680 825 8 436 285 
1 184 040 6 996 900 13 123 110 
1 560 780 4 292 145 10 015 005 20 030 010 
2 035 800 5 852 925 14 307 30 045 015 
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20 160 352 165 


3 365 856 10 518 300 28 048 800 64 512 240 
4 272 048 13 884 156 38 567 100 92 561 040 
5 379 616 18 156 204 52 451 256 131 128 140 
6 724 520 23 535 820 70 607 460 183 579 396 






































8 347 680 30 260 340 94 143 280 254 186 856 
10 295 472 38 608 020 124 403 620 348 330 136 
12 620 256 48 903 492 163 011 640 472 733 756 
15 380 937 61 523 748 211 915 132 635 745 396 
18 643 560 76 904 685 273 438 880 847 660 528 


































22 481 940 95 548 245 350 343 565 1 121 099 408 
26 978 328 118 030 185 445 891 810 1 471 442 973 
32 224 114 145 008 513 563 921 995 1 917 334 783 
38 320 568 177 232 627 708 930 508 2 481 256 778 
45 379 620 215 553 195 886 163 135 3 190 187 286 













































53 524 680 260 932 815 1 101 716 330 4 076 350 421 
62 891 499 314 457 495 1 362 649 145 5 178 066 751 
377 348 994 1 677 106 640 6 540 715 896 
450 978 066 2 054 455 634 8 217 822 536 


536 878 650 2 505 433 700 10 272 278 170 


























115 775 100 636 763 050 3 042 312 350 12 777 711 870 
133 784 560 752 538 150 3 679 075 400 15 820 024 220 
154 143 080 886 322 710 4 431 613 550 19 499 099 620 
177 100 560 | 1 040 465 790 5 317 936 260 23 930 713 170 
202 927 725 | 1 217 566 350 6 358 402 050 29 248 649 430 





696 190 560 


778 789 440 
869 648 208 


716 400 
216 600 


8 760 554 088 
9 473 622 444 
10 235 867 928 
11 050 084 695 


11 919 192 480 
12 846 240 784 


17 199 613 200 
18 466 953 120 
19 813 501 785 
21 243 342 120 
22 760 723 700 


24 370 067 800 
26 075 972 546 


31 821 795 720 
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16 871 


18 855 
21 042 
23 446 
26 088 
28 987 5: 


32 164 2 
35 641 
39 443 
43 595 
48 124 


53 060 
58 433 5 
64 276 
70 625 
77 515 


84 986 
93 080 
101 841 
111 315 063 717 
121 550 931 645 


132 601 016 340 


186 087 894 


202 095 455 100 
219 295 068 300 
237 762 021 420 
257 575 523 205 
278 818 865 325 


301 579 589 025 
325 949 656 825 
352 025 629 371 
379 908 847 539 
409 705 619 895 


27 540 584 512 
‘31 966 749 880 


37 014 131 440 
42 757 703 560 
49 280 065 120 
56 672 074 888 
65 033 528 560 


74 473 879 480 
85 113 005 120 
97 082 021 465 
110 524 147 514 
125 595 622 175 


142 466 675 900 


231 900 297 200 


260 887 834 350 
293 052 087 900 


368 136 785 016 
411 731 930 610 


459 856 441 980 
512 916 800 670 
571 350 360 240 
635 627 275 767 
706 252 528 630 


783 768 050 065 
868 754 947 060 
961 835 834 245 
1 063 677 275 518 
1 174 992 339 235 


35 607 051 480 
43 183 019 880 


90 177 170 226 
107 518 933 731 
127 805 525 001 
151 473 214 816 
179 013 799 328 


210 980 549 208 


396 704 524 216 
461 738 052 776 


828 931 106 355 


954 526 728 530 
096 993 404 430 
258 315 963 905 
440 680 596 355 
646 492 110 120 


878 392 407 320 
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10 104 934 117 421 
11 279 926 456 656 


17 310 309 456 440 


19 212 541 264 840 
21 300 860 967 540 
23 591 276 125 340 
26 100 986 351 440 
28 848 458 598 960 


31 853 506 369 685 
35 137 373 005 735 
38 722 819 230 810 
42 634 215 112 710 
46 897 636 623 981 





CONCERNING THE LIMITS OF A MEASURE 
OF SKEWNESS 


By RAYMOND GARVER 
University of California at Los Angeles 


In a recent note in the Annals of Mathematical Statistics,* 
Hotelling and Solomons devised an ingenious method of showing 
that the measure of skewness s defined hy the equation 


mean- median 
“standard deviation 


cannot be greater than unity in absolute value. | am venturing to 
offer another proof of the same fact. which seems to me to be of 
interest because it employs an important and well-known algebraic 
inequality. 

With Hotelling and Solomons, | shall assume that we are con- 
cerned with 77 readings, or x’S,with median zero and mean % , 
where X of course is 2 x/7 We may show that the absolute 
value of $s cannot be greaier than one by showing that 1/s? is 


not less than one. Making obvious substitutions, we must then 
show that 


nox? 2 
(Exje - ’ 
Now according to a known theorem if 2,4----., 4 are 77 positive 


numbers, and if 777 is a number not lying between zero and one, 
then 


a+ b+...” (- acbeek )™ 


77 77 


*Vol. 3, no. 2, May, 1932, 141-2. 
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While the proof of this theorem is given in Chrystal, we shall 
outline a (simplified) proof for the case m=2, to make this note 
self-contained. For any number r we obviously have (--1)*20. 


Now let 7 equal N8/a4bs--4k ; ts oes” s KE by hi turn. 
The first of these gives 


2.2 
7? “@ £n2 +120 


(arb+---+h )*? (arbe...+hk) . 


while the others give similar inequalities. Summing these inequal- 
ities we have 


27 ot nn: 2 
7 (a ebh~~s +k linen tae 
(at+bh+---- Af 


which is Chrystal’s theorem? for 77722. The proof shows that 
some of the numbers a, 4, ---, A can be zero; in fact, some can 
he negative, provided a+5+.-,..---+A is not zero. 

Now, suppose we have an odd number of readings, say 7-<s+J. 
Since the median reading is zero, there are s non-negative read- 
ings, which we shall now call ys, and s non-positive readings, 
which we shall call z's. We have at once, by the above. 


sZy* zy 
(Zy)* 


, 


sZz* 5 f 
(‘Zar Cité‘ ® 


It follows immediately that 


Ly*+Z z* de j 
(Zy}*+(Z2z)*/~ 


*Chrystal, Algebra, Part Il, 2nd ed., 1922, p. 49, 
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and, since 7=2s+/_ that 


Ly*+ e) 
"((ZyP (Lupe) ”* 


Finally, 


LZ y*+£2* Z y*+Z 2? 


zx. iil iain 
"Cox)* "(Ey+Ea)* - (Ly J*s(ZLa)*+2(ZyKEs) © 


since 2(ZyNLz)is certainly not positive. 
This proof is valid unless all the y‘s are zero or all the z's are 
zero. Suppose the latter is the case. Then 


m2 xe nay? sz 


- 2 
ax? (Ly >* rao) eat 


If all the readings are zero our definition of s does not give a 
definite value. 


If 77 is even, not odd, the proof may be modified by properly 
defining the median. In this case we can show again that 


n2ix® >2 
(2x)? ~~” 


but the possibility of the equality cannot be ruled out. 





EDITORIAL. 


Trapezoidal Rule for Computing Seasonal Indices. 


The following method for computing seasonals is suggested by 
the Detroit Edison article on “A Mathematical Theory of Sea- 
sonals’”’ that appeared in Vol. I, No. 1 of the Annals. 

We shall likewise define “the seasonal index for any month as 
the ratio of the total of the variates for the month in question to 
the total that would have been experienced if neither accidental 
nor seasonal influences were present”, that is, the seasonal index 
for the ¢-th month is 


no Ves 
1 5 5; = e 
( ) 4 W; 


The numerator presents no difficulties: the obstacle is met in 
determining the denominator, since Y/x) is the unknown function 
that is the consequence of only trend and cycle influences. Accord- 
ing to accepted concepts the trend may be represented by some 
smoqth analytic function, the cycle is a smooth though not a 
mathematically periodic function—but the seasonal and residual 
influences may inject all sorts of disturbances into a time series. 
We shall make but two further assumptions,— 

(a) The smooth function y-Wx) , representing the combined 
effect of trend and cycle, may be approximated by the upper sides 


of a series of trapezoids as in figure (1). The area of each 
trapezoid is to equal the area under the function W/Z) limited by 
the common ordinates. 


(b) Neither seasonal nor. accidental influences affect annual 
totals. Thus we might assume that the seasonal activity in the 
production of coal does not affect the total coal mined within the 
year, but merely concentrates production within certain months 





362 EDITORIAL 


and compensates this with a corresponding under-production in 
others. Although accidental disturbances within the year would 
merely attribute production to one month rather than the next, we 
must admit that if one of these months is the last of one year, and 
the other the first of the following year, such an accidental fluctua- 
tion will affect the annual totals. Usually, however, such perturba- 
tions represent but a small percent of the monthly production, and 
a negligible part of the annual total. 
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Let us assume that we are dealing with 277 consecutive years: 
then by the above assumptions the area of the 77-7/ trapezoid 
equals the total production for the 7-+/year, 7n . 

Designating the ordinates corresponding to the n-th trapezoid 
by v,_, and uv, , it follows since we are dealing with equal unit 
bases, 


7, =F liyp.1 +4, ), that is 









so that 














u, = <1,-u, 
uz =k1,-u,=21,-2], +u% 
u, = £13-uz,-27,-27,+271,-u, 


© Di p+ug+8ly- 8G AG-owm 





“o,f ens Un 2" 2lan yh lan gt 100 + ORs 
uo, = 273,,- Usp *lo,-4 Top gt? ---4#21,-27,+u, 









By elementary geometry, the area corresponding to the twelve 
months of the 77-7/ year are 









1 

M, =766 (2) Uy, + 4) 

M, =375g (21u,.,+ 3u,) 

My =7G (194 ny + Fey) 
f 

M,, "746 ( Fkp., +Ztu,,/) 

Mraz =295 ( “py + £3u,,) 





According to definition, 2 ¥; equals the sum of the values of 
M;, one for each of the 277 years. Thus. 
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al 
Ly, = 76g (23 u, +l, 
+23u, +llz 
+2ZU gt Ug 


+23 uy > us y 


£3 Ug, +a, ), that is 


Ly, “5 L4( ig lt, ++ + Lay ye (ez, -4,) 


and in precisely the same manner 


7 
Ve 765 24 (u, tit by 4) H(z, -%,) 


alan 


286 Allg t Uy t+ 4 Un. s)tHaz,- 4, ) 


Ug tly tUge--#Ua y =<7,+21, t2Gehl ted , 


=2-0, 


where © designates the sum of the totals for the odd years. 
Again, . 


= 2E-2:0, 


E representing the corresponding sum for the even years. 
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We have finally that 


LW, =, (23-0+E) 


1 
d= ag (E-O/). 


where 6 represents the common difference 2’ V,, Pe ¥, , which 
from equation (3) is seen to he 


= 75g (2u,, -2u,)=3 5 (E-O). 


It should be observed that we have not imposed the condition 
that the long time trend is a straight line—no matter what the 
law of growth may be, the assumption that the trend-cycle func- 
tion, Y/x), may be approximated within each year by a secant 
line is alone responsible for the equal differences 5 

As an illustration let us compute the seasonals for the theoretical 


series presented in the Detroit Edison article, and reproduced 
below. 


TABLE 1 
THEORETICAL SERIES. 


Ti as ae ae 
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TABLE 1 Continued 


1913 1914 


27875 23471 21933 


L597 793 
O= 134 A71 
LV, = 22 559.90 
6 = £96.14 
Column 1 of table 2 is obtained by adding the items of table 1 


horizontally. Column 2 is found by repeated adding the common 
difference, S = 296.14 to the value 22 559.90. 


TABLE 2 
SEASONALS BY TRAPEZOIDAL RULE. 
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The following table presents the mean and standard errors for 
the results obtained by Link-relative method, the Interpolation 
method suggested in the Detroit Edison article, and the Trape- 
zoidal method. Obviously, the last requires by far the least time 
in application. 


TABLE 3 
Method 


Link Relative 
Interpolation 
Trapezoidal 


For weekly indices the formulae by the trapezoidal rule are 


LY, =s52 (103-0+E) 


1 
6° 2528 C£-O) 


If one has data for 277#7 years, he may either disregard the 
most distant year and then compute seasonals for the final 27 
years, or he may combine the results for the first 27 years (neg- 
lecting the last year) and the results for the last 277 years (neg- 
lecting the first year). This yields an almost equally simple 
formula. 

Applying the Trapezoical rule to successive overlapping periods 
will reveal the presence of a shifting seasonal. The change in the 
seasonal for Automobile production, caused by the advent of good 
roads and closed models, affords a good example. 


Behe wr 





